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Abstract 
Fracture plays a decisive role in the failure mechanism of certain reinforced concrete structures. 
While the customary approach to the design of reinforced members is to ignore the tensile 
contribution of concrete, it is not possible to do so when the bond between the steel 
reinforcement and the surrounding concrete is an essential structural component of a member. 
Much research effort has been devoted recently to the study of the fracture mechanics of plain 
concrete. However, no definitive results have been reached that could be applied to reinforced 
concrete. This is mainly due to the fact that reinforced concrete does not simply act as the sum 
of the reinforcement and the concrete, but as a composite material where concrete and steel 
behaviours are coupled. 
The objective of this study was to gain a physical insight into the fracture mechanics of bond in 
reinforced concrete so that analytical models could be developed and applied to modes of 
failures where bond plays a decisive role. 
A review of the strain softening fracture in plain concrete is given. This chapter comprises 
essentially the theories developed by others to understand and model strain softening fracture. A 
phenomenological approach is first presented, followed by the theory of fracture mechanics 
applied to concrete and by the numerical methods available to simulate fracture in concrete, 
including non-linear finite element analysis. 
Using these various approaches, the fracture mechanics of bond in reinforced concrete is then 
investigated. A complex finite element model is developed to simulate the cracking mechanisms 
taking place in reinforced concrete tension specimens. The mechanism of ultimate bond failure 
is identified as the propagation of a splitting crack. An analytical fracture mechanics model 
considering the energy balance of the concrete and the reinforcing bar is proposed to predict the 
splitting load. 
11 
This fracture mechanics model is introduced into a more complex numerical model and full 
simulation of the cracking behaviour of tension specimens is achieved and showed to compare 
well with experimental data. Following the validation of the bond model, the shear failure of 
beams without stirrups is identified as a bond failure by splitting. Consequently, a mechanical 
model is developed including the fracture mechanics model for splitting. The analytical formula 
obtained is shown to be in agreement with an empirical formula given by the CEB-FIP code. 
Finally, the premature peeling failure of beams strengthened by plate gluing is tackled with the 
same approach. A phenomenological approach reveals that peeling is a phenomenon similar to 
bond failure by splitting. Two separate fracture mechanics models are developed to predict the 
peeling failure, one for peeling in pure bending and one for the flexural-shear mode of peeling. 
The models are successfully benchmarked against over a hundred experimental results. 
Conclusions and recommendations for further work are presented in the last part of this thesis. 
Keywords 
bond, finite element analysis, flexural-shear failure, fracture mechanics, plated beams, peeling 
failure, reinforced concrete, splitting crack, strain softening. 
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Resume 
L'objectif de cette etude est de parvenir ä une meilleure comprehension du lien beton/acier dans 
les structures de beton arme, sous Tangle de la mecanique de la rupture, ceci dans le but de 
developper des modeles analytiques pouvant etre appliques a des modes de ruine oü le lien 
beton/acier joue un role decisif. Une revue critique des publications sur la rupture adoucissante 
est realisee. Ce chapitre presente, en majeure partie, des theories developpees par d'autres 
chercheurs. Partant de ces theories, le lien beton/acier est etudie en detail. Un modele aux 
elements finis est developpe pour simuler les mecanismes de fissuration presents dans les tests 
en traction d'elements de beton arme. Le mecanisme de rupture du lien beton/acier est identifie 
comme etant la propagation d'une fissure de separation. Un modele analytique de mecanique de 
la rupture est propose pour prevoir la charge de separation. Apres avoir valide ce modele en 
comparant les resultats d'une simulation numerique avec des resultats experimentaux, le mode 
de ruine des poutres en beton arme sans armatures transversales est identifie comme etant dü ä 
la propagation d'une fissure de separation. La formule analytique est validee par comparaison 
avec une formule empirique du code CEB-FIP. Finalement, la ruine prematuree par delaminage 
des poutres renforcees par collage exterieur de plaques est etudiee. L'approche 
phenomenologique revele que le delaminage est un phenomene similaire ä la rupture du lien 
beton/acier par separation. Deux modeles distincts de mecanique de la rupture sont developpes 
pour prevoir la charge de delaminage, le premier modele etant applicable au cas de la flexion 
pure et le deuxieme aux cas mixtes en flexion-cisaillement. Ces modeles sont verifies par 
comparaison avec plus d'une centaine de resultats experimentaux. 
Mots Iles 
analyse aux elements finis, beton arme, collage exterieur de plaques, delaminage, fissure de 
separation, lien beton/acier, mecanique de la rupture, poutre renforcee par collage exterieur de 
plaques, rupture adoucissante. 
IV 
Samenvatting 
Het doel van het hier gepresenteerde onderzoek is het verkrijgen van fysisch inzicht in 
breukvorming van verbindingen in gewapend beton, zodat analytische modellen ontwikkeld 
kunnen worden. De modellen moeten worden toegepast in situaties waar verbindingen een 
beslissende rol spelen in het optreden van breukvorming. Eerst wordt een overzicht gegeven van 
strain-softening breukgedrag in ongewapend beton. De behandelde theorieen over 
breukvorming zijn door anderen ontwikkeld. Deze theorieen worden uitgebreid zodat ze ook 
toepasbaar worden op gewapend beton. Een complex eindige elementen model is ontwikkeld 
voor de simulatie van scheurmechanismen die optreden in gewapend beton onder spanning. Het 
uiteindelijke bezwijken van verbindingen wordt verklaard door de voortplanting van barsten. 
Vervolgens wordt een analytisch model geintroduceerd om de splijtbelasting to voorspellen. De 
geldigheid van dit model is getest door de uitkomst van een numerieke simulatie van monsters 
onder druk to vergelijken met experimentele data, het afschuiffaalgedrag van balken zonder 
beugel kan verklaard worden als bindingsbezwijking door splijten. Een mechanisch model voor 
afschuifbuigbreuk is ontwikkeld, inclusief het breukvormingsmodel voor splijten. De verkregen 
analytische formule komt overeen met de empirische formule zoals gegeven in de CEB-FIP 
code. Tenslotte is het vroegtijdig afschuiven van platen van betonconstructies met uitwendig 
opgelijmde platen aangepakt. Een fenomenologische aanpak laat zien dat het afschuiven van de 
platen vergelijkbaar is met de bindingsbezwijking door splijten. Twee aparte breuk mechanische 
modellen zijn ontwikkeld om het loslaatgedrag to voorspellen, een voor het afschuiven in het 
geval van alleen buiging en een voor het geval van afschuifbuigbreuk. De geldigheid van de 
modellen is met succes getoetst aan meer dan honderd experimentele resultaten. 
Trefwoorden: 
afschuifbuigbreuk, breukmechanisme, eindige elementen analyse, gewapend beton, loslaat- 
gedrag, opgelijmde platen, spanningsreductie, splijtgedrag, verbinding. 
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1. INTRODUCTION 
1.1. Fracture in Reinforced Concrete 
It is normal practice when designing reinforced concrete members in bending to consider the 
cracked concrete under the neutral axis as a continuous medium resisting shear and transverse 
compression but unable to carry any tension. The adoption of this simplified assumption, 
together with empirical design rules aimed at satisfying serviceability requirements, is assumed 
to provide safe and durable design in bending. 
While this approach is conservative and results in ductile behaviour for flexural modes of 
failure, this is not necessarily the case for other types of failure' '2. Ignoring the tensile strength 
of concrete is only acceptable when the concrete in tension plays a minor role in the load 
carrying mechanism considered, as in the bending case. This is no longer true if structural shear 
and local steel-to-concrete bond are considered. These mechanisms, essential to the integrity of 
all reinforced concrete structures, are covered in present codes of practice by semi-empirical 
design rules3-5, where no clear indication is made of the role played by the tensile capacity of 
concrete. 
The lack of physical insight in the customary design methods is particularly problematical when 
confronted by unexpected brittle modes of failure in unconventional structures. When designing 
structures outside the range of normal practice, either by their size6'7, by the use of new 
materials (high performance concrete 8 or composite materials), or by the need of structural 
upgrading involving various strengthening techniques1°, it is necessary to understand the 
mechanisms of load transfer in the cracked structure to ensure that the tensile strength of 
concrete and the ability of the structure to redistribute the load after cracking are not critical. 
This is the reason why the study of concrete fracture has become a major area of reinforced 
concrete research in the last decade. 
It is believed that it is desirable to develop a better understanding of the tensile behaviour of 
reinforced concrete to achieve effective and safe designs. Much research effort has been devoted 
recently to the study of the fracture behaviour of plain concrete. However, no definitive results 
were reached that could directly be applied to reinforced concrete design. This is mainly due to 
the fact that reinforced concrete does not simply act as the sum of the reinforcement and the 
concrete, but as a composite material where steel and concrete behaviours are coupled. 
Consequently, the behaviour of the two materials acting together needs to be considered. While 
steel and concrete material behaviours are reasonably well understood, this is not the case of 
steel-to-concrete bond, the knowledge of which remains essentially empirical. It is foreseen that 
if adequate modelling of bond could be achieved, a unified approach to fracture problems in 
reinforced concrete could be developed. 
1.2. Research Objectives and Scope 
Considering the present state of the knowledge on the fracture of reinforced concrete, it is clear 
that more physical insight into the tensile behaviour of cracked reinforced concrete needs to be 
gained. The objective of this study is therefore to understand and make use of the numerous 
experimental data available in the literature in order to: 
- develop a predictive analytical model for reinforced concrete in tension based on physically 
sound grounds, 
- and thus come closer to a unified approach to tensile failures of reinforced concrete 
members as proposed by the ASCE-ACI committee on shear and torsion 4 
As stated in the previous section, steel-to-concrete bond plays a decisive role in tensile failure of 
reinforced concrete members. Consequently, this study will focus on the simulation and the 
modelling of bond in reinforced concrete. In this thesis, two types of problems will be 
described: 
- bond related failure in reinforced concrete members, 
- and premature failure of 
beams strengthened by plate gluing. 
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Although the various problems tackled in this thesis may seem at first sight heterogeneous, it is 
shown that the failure modes considered are qualitatively similar, thus providing consistency to 
the thesis. 
1.3. Methodology 
A scientific investigation requires a robust and objective methodology adapted to the subject 
and the aims of the study. From the experience gained during the first part of his research time, 
the author has developed and adopted a methodology appropriate for the subject of this study. 
This methodology can be divided into the following steps: 
- Start with a phenomenological approach, compiling and interpreting the qualitative 
experimental data available, gaining insight into the phenomenon considered. 
- Identify and classify the different modes of failure. 
- Further the understanding of the mechanics of the considered mode of failure (load path, 
cracking pattern, redistribution, stability) using non-linear finite element analysis. 
- Identify the critical failure mechanism. 
- Determine the important parameters and develop an analytical model, which may include a 
certain number of simplifying assumptions. 
- Eventually, benchmark and validate the model against experimental data and empirical 
formulae. 
This methodology is adopted for each individual problem tackled in this study. 
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1.4. Outline of the Thesis 
Chapter 2 is an extensive review of the different approaches to strain-softening fracture in plain 
concrete. The phenomenological aspect of the problem is first introduced, compiling the 
qualitative experimental knowledge available in the literature. Then the fracture mechanics 
approach to concrete cracking is presented. The fundamental formulae of fracture mechanics are 
introduced and explained. Ways of determining the different fracture mechanics parameters are 
provided. The numerical tools for the simulation of strain-softening are then presented. Special 
emphasis is placed on the finite element method. Various constitutive models for concrete 
developed by other researchers are described. Problems arising in the application of non-linear 
solution techniques are discussed. An example of structural bifurcation is simulated by finite 
element analysis as an illustration of possible singular non-linear phenomena. 
In the following chapter, the fracture mechanics of bond in reinforced concrete is investigated. 
Adopting the methodology described in the previous section and using the methods and theories 
presented in Chapter 2, a physical insight is gained into the mechanics of bond. A 
phenomenological approach is first conducted to identify and classify the different cracking 
mechanisms considered. A review of the existing models for bond is then presented. Further 
understanding is gained by developing a complex finite element model to simulate the cracking 
mechanisms taking place in reinforced concrete tension specimens. The mechanism of 
complete bond loss is identified as the propagation of a splitting crack. Finally, an analytical 
fracture mechanics model considering the energy balance of the concrete and the reinforcing bar 
acting together is proposed to predict the splitting load. 
Chapter 4 deals with the application of the fracture mechanics model for splitting to reinforced 
concrete structures. A non-linear numerical model is built on the basis of the model for splitting 
to simulate the cracking history of tension specimens. Comparison with experimental results 
obtained by others shows that the model predicts the correct mode of failure and that the level of 
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accuracy of the predictions is satisfactory. Using a phenomenological approach, the flexural- 
shear failure of reinforced concrete beams without stirrups is shown to be triggered by splitting 
bond failure. Consequently, a new mechanical model for the flexural-shear failure is developed 
on the basis of the fracture mechanics model for splitting. The analytical formula thus obtained 
is successfully benchmarked against an empirical formula for flexural-shear failure given by the 
CEB-FIP Model Code (1990)5. 
Chapter 5 is concerned with the premature peeling failure of beams strengthened by plate 
gluing. The phenomenological approach reveals that peeling is a phenomenon similar to bond 
failure by splitting. Therefore, the fracture mechanics model for splitting can be introduced in a 
model for peeling. Two separate models are developed. The first model is limited to the case of 
peeling in pure bending, while the second model deals with peeling with the plate ending in the 
shear span. The models are checked against over a hundred experimental results. The resulting 
equations prove to predict accurately the peeling loads. 
Conclusions and recommendations for further works are presented in the last chapter of this 
thesis. 
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2. STRAIN SOFTENING FRACTURE 
IN PLAIN CONCRETE 
2.1. Phenomenological Approach 
Concrete is a strong, coherent, robust, composite material consisting of stiff particles 
(aggregates) imbedded in a very brittle, less stiff, matrix (cement paste). While its compressive 
strength, fc, typically reaches 30 to 50 MPa for normal strength concrete, its tensile strength is 
approximately one tenth (3 to 5 MPa). 
The term concrete fracture is used to describe the tensile failure of concrete, which is 
characterised by the localisation and propagation of cracking along a failure surface normal to 
the principal tensile stress. Although compressive failure also results from the nucleation and 
propagation of microcracks, it differs from fracture inasmuch as cracks tends to form parallel to 
the principal compressive stress and remain smeared in the bulk of the material up to ultimate 
loss of integrity" 
The study of concrete tensile behaviour has attracted much research effort over the past two 
decades. Many experimental investigations have been carried out, allowing the development of 
a better understanding of the fracture process. Wittman (1983)'2 was the first to introduce the 
concept of the "three level approach" for concrete. This approach consisted of studying 
experimentally the same phenomenon at three different scales and using the understanding 
gained at a finer level to build up the material model for the next level. The three levels are 
termed "micro", "meso" and "macro". They respectively describe the study of the structure of 
the hardened cement paste, Fig. 2-4; the study of concrete as a composite material made of the 
aggregates, the cement matrix and their interfaces, Fig. 2-5; and the study of concrete as an 
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equivalent homogenous isotropic continuum at the structural scale, Fig. 2-6. 
At the micro-level, mechanical and chemical properties of the cement paste are studied. 
Microscopic observation shows that, even before any external load is applied to concrete, many 
flaws and microcracks exist in the body of the material (Fig. 2-1). The nature of the initial flaws 
range from discontinuities in the cement paste, to voids caused by shrinkage or incomplete 
compaction. These flaws can act as many potential microcrack initiators. 
Micro level Meso level Macro level 
Fig. 2-1 
Microcracks in cement paste Aggregates in cracked matrix Localisation of a macrocrack 
Fig. 2-2 
.., r..., ý-... r- r°ý. 
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Fig. 2-3 
Fig. 2-4 Fig. 2-5 Fig. 2-6 
Calcite crystals (CaCO3) 
in the form of a bunch 
Silicious aggregate 
coated by cement paste 
Plain concrete 
At the meso-level, the prominent role played by the aggregate-mortar interface, acting as a 
weaker link in the composite material, is considered '3, Fig. 2-2. Experimental observation of 
crack propagation'` and finite element simulation of the composite material using lattice 
models15 show that macrocracking is preceded by material damage developing from aggregate- 
mortar interfaces. This damaged area is termed the fracture process zone (FPZ) and consists of a 
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web of unconnected expanding cracks. For cross-sectional cracking in the presence of a uniform 
stress field, the fracture process zone precedes in time the appearance of the localised 
macrocrack16 (Fig. 2-3), while, for a progressive crack front with a stress concentration at its tip, 
the fracture process zone precedes the macrocrack in space, in the form of a more or less 
smeared plume-shaped area of damaged material". With new experimental techniques, it is now 
possible to observe directly the shape of the fracture process zone. Otsuka (1992)18 used x-rays 
with contrast medium to observe the system of precursory cracks. Microscopy, interferometric 
techniques and acoustic emissions are other possible observation techniques. 
The fracture process zone is characterised by a strain softening material behaviour. That is to 
say that, although the cement paste is a very brittle material, concrete actually retains some 
stress carrying capacity beyond cracking cut-off'9. This phenomenon has given rise to different 
interpretations. Duda (1991)20 suggested a grain model, based on the friction that occurs if 
aggregates are pulled from the cement paste. However, experimental observation favours the 
hypothesis of crack-bridging first suggested by Van Mier21, and later taken up by Bazant. The 
idea is based on the fact that small precursory cracks developing in front of the main crack tip 
are never aligned with the former, due to the composite nature of concrete. In this theory, the 
untorn ligaments of mortar existing between the main crack tip and the offset precursory cracks 
account for the softening behaviour of concrete. 
At the macro-level, strain-softening is observed in uniaxial tensile tests if the loading process is 
controlled by prescribed deformations". The load-displacement curve is then made of an 
approximately linear ascending branch, followed by an exponentially-shaped descending curve 
accounting for strain-softening. Investigations carried out at the Stevin Laboratory (Delft 
University of Technology, The Netherlands) by Reinhardt (1984)23, Van Mier (1986)24 and 
Hordijk (1991)25 has shown that a direct and unbiased determination of the softening parameters 
is a difficult and tedious task. The difficulty lies in separating material behaviour from structural 
effects (non-uniform cracking and boundary condition effects). 
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To date, it is still not clear if strain-softening can be considered as a constitutive material law for 
concrete. While the curves obtained from direct tensile tests are satisfactorily consistent and 
seem solely material dependent, there is no proof that strain-softening arising ahead of a 
cracking front in a concrete structure consistently displays the same softening curve. Since the 
fracture process zone is a distributed phenomenon, there are concerns that the softening process 
may be influenced by the nature of the stress field surrounding the crack tip. Ba2ant'4 showed 
that the crack propagation was shifting from stable to unstable when four-point bend specimens 
were tested instead of three-point bend tests. He explained this phenomenon by the differences 
in the shape and size of the fracture process zones displayed by the two types of test. This would 
contradict the concept of "autonomy of the fracture process zone" formalised by Broberg 
(1982)26 and considered as a fundamental principle of concrete's non-linear fracture mechanics 
(NLFM). Although the question remains open, most of the recent studies on concrete fracture 
assume that the strain-softening behaviour of concrete is solely material dependant. 
2.2. Fracture Mechanics Approach 
Traditionally, prediction of cracking is based on a strength criterion. Cracking is expected to 
occur when the tensile principal stress reaches the cracking strength of the material, f, This 
approach is appropriate for cross-sectional cracking in the presence of a uniform stress field. 
However, after Inglis (1913 )27 obtained the solution for the stress distribution around a crack tip 
in a perfectly elastic material and showed that there is a stress concentration in which the stress 
is tending towards infinity no matter how small the applied load, it became obvious that the 
strength criterion is irrelevant for the prediction of unstable crack propagation. This led Griffith 
(192128,192429) to propose an energy criterion of failure, which is the basis of modern fracture 
mechanics. 
The incompatibility of the two criteria of failure is easily verified by considering for instance 
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the well known "size effect" defined as follows. The strength criterion predicts that similar 
structures of different sizes always fail at the same nominal stress, while the energy criterion of 
the fracture mechanics predicts a decrease of the nominal stress at failure with increasing size of 
the structure7. This apparent duality in the failure criterion was elucidated recently as the 
understanding of the non-linear phenomena involved in fracture improved. Broberg (1982)26 
stated that, while the onset of stable crack growth is a phenomenon locally governed by the 
tensile strength of the material, unstable crack propagation is a question of global energetic 
stability. Consequently, for concrete structures with a characteristic size smaller than the length 
of a fully developed fracture process zone, failure will be controlled by the onset of cracking, 
that is the strength criterion. But for large structures, where non-linear phenomena can develop 
completely, failure due to crack propagation is driven by energetic instability. The aim of 
fracture mechanics is to predict the threshold of energetic instability and to study the transition 
between strength controlled failure and energy driven fracture. 
2.2.1. Linear Elastic Fracture Mechanics 
Linear Elastic Fracture Mechanics (LEFM), which deals with the propagation of sharp cracks in 
elastic bodies, forms the basis of Fracture Mechanics. The fundamental principles of 
LEFM 
were first stated by Griffith (1921)28 who formulated the crack growth criterion as an energy 
conservation principle. 
Fundamental Principle 
The fundamental principle can be expressed as follows. For a crack front to progress, enough 
energy must be released by the load-structure system during this propagation to 
feed the fracture 
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energy consumption. This results in the following equalities for an incremental progress of the 
crack front: 
SG = 8wf 
with &G, the energy consumed by the incremental progress of the crack front 
and &V p the energy available for fracture 
8WW, is determined by energy balance: 
with 
and 
Load Load 
G 
&Vf, 6Wext 
- vv el - 
SEkin 
bWex,, the incremental work of the loads 
(Eq. 2-1) 
(Eq. 2-2) 
SUei, the incremental variation of the elastic strain energy stored in the structure 
SEkin, the incremental variation of the kinetic energy 
(a) (b) 
Fig. 2-7: Fracture energy (a) and incremental fracture energy (b) for a single load system 
A graphical representation of fracture energy is given in Fig. 2-7 for the case of a single load 
acting on a structure in static equilibrium. 
The conservation principle is further formalised by the definition of two quantities: the energy 
release rate of the load-structure system, denoted R, and the specific fracture energy, denoted Gf. 
R is a measure of the energy release capability and ductility of the structure when crack growth 
occurs. Gf is the energy required per unit area of fracture. Gf is assumed to be a material 
Displacement Displacement 
characteristic. Using these two quantities, the principle writes directly7: 
if R< Gf : no crack propagation (stable state) (Eq. 2-3) 
if R= G1- : possible static crack propagation (stable or critical) (Eq. 2-4) 
if R> G1 dynamic crack pronaaation (unstable state) (Eq. 2-5) 
Thus, the study of crack propagation in a particular structure reduces to the experimental 
determination of Gf and the analytical or numerical determination of R. 
Energy Release Rate 
To define the energy release rate further, consider an elastic body with a crack of area a, 
subjected to an external load F (in the case of multiple proportional stresses and forces acting on 
the body, F may be understood as a generalised force). The potential energy of the structure- 
load system is denoted 17, with I7= Uer - Wext, where Uei is the elastic strain energy stored in 
the body and Weir is the work due to F. The energy release rate is defined30 as the opposite of 
the rate of variation of Hunder increase of the cracked area, a, at constant displacements, u: 
R=- 
an 
aa 
[(W 
x, 
71 
(Eq. 2-6) 
Since u, the displacements at the application points of F, remain constant, no incremental work 
is done by F. Therefore, R reduces to': 
_aUel as 
(Eq. 2-7) 
Considering a small increase of cracked area, ba, under static equilibrium, SEw,, = 0. Then 
(Eq. 2-1) and (Eq. 2-2) can be rewritten: 
bG = (Wext e! 
= F& - 
aUel 
au 
Q 
(Su -} 
(ýU 
as 
e1 
l, 
&i (Eq. 2-8) 
Using Castigliano's second theorem valid for any elastic body: 
F= 
ýUel 
L Jau 
(Eq. 2-9) 
u 
- Ue, )1 
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and introducing the specific fracture energy, GG = 6G/56, (Eq. 2-8) becomes: 
&ý=R&z Cf&-- 
a 
aa s u 
This confirms the criterion for static crack propagation, R= G1, given in (Eq. 2-4). 
Stability of the Fracture Process 
(Eq. 2-10) 
For LEFM where Gf is considered to be a material constant, the stability of the fracture process 
can be determined from the variation in the energy release rate as the crack progresses, aR 
aa 
Three cases are identified31: 
aR 
<0 : stable equilibrium (Eq. 2-11) as 
aR 
-0 : critical equilibrium (Eq. 2-12) as 
aR 
>0 unstable equilibrium (Eq. 2-13) as 
(Eq. 2-11) corresponds to the case for which crack propagation transforms the configuration of 
the elastic body so that the capacity of the structure to release energy is decreased at constant 
load level. For a structure with a single load F, R is proportional to P. Consequently, a load 
increment is necessary to meet again the fracture criterion R= Gf, which means that the crack 
extension is stable under load control. 
(Eq. 2-12) corresponds to the case where the configuration of the fracturing structure is 
unaltered by crack propagation. Therefore, the criterion R= Gf is maintained at constant load 
level. 
(Eq. 2-13) corresponds to the case where crack propagation results in an increase in R at 
constant load. In the case of load control, the load will not be decreased to satisfy equilibrium. 
Consequently, the criterion for unstable (dynamic) crack propagation, R> G1, is met. 
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Formulation adapted to Structural Failure by Unstable Crack Propagation 
In the case of a single point load acting on a perfectly elastic body, further simplification can be 
deduced from Clapeyron's theorem : 
.1 Uel-2 Fu 
(Eq. 2-8) can be rewritten: 
-6Wex1 -"" e1 =F&- 
2(Fäc+u(5F) 
For crack extension at constant load, 6Uei reduces to Z Flu , that is: 
(J= Z F(lu=SUel = 2Ö 
ext 
(Eq. 2-14) 
(Eq. 2-15) 
(Eq. 2-16) 
This equality is of particular interest for determining the ultimate load of structures if the 
following conditions are met: 
-a single load acts on the structure, 
- the structure is submitted to load control, 
- structural failure occurs by unstable crack propagation, 
- the onset of stable crack propagation arises before the ultimate load, 
- the extent of stable crack propagation remains limited enough not to alter significantly the 
original configuration of the structure. 
In this particular case, the equilibrium path, drawn in the load-displacement plane, presents a 
horizontal slope just before failure. 
This can be explained in the following way: 
- the maximum load, i. e. failure under load control, corresponds to the loss of stability both at 
the structural level and at the level of crack propagation, 
- and, critical crack propagation, i. e. the limit between stable and unstable crack propagation, 
is reached in a continuous way due to the steady transition between stable and unstable 
cracking. 
Consequently, in the vicinity of the failure point, the assumption of constant load of (Eq. 2-16) 
is satisfied. Therefore, (Eq. 2-16) can be used to predict the ultimate failure load. 
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The first order approximations of the fracture energy defined by (Eq. 2-10) and (Eq. 2-16) are 
compared in Fig. 2-8. 
Load 
lu i5a 
(a) area defined by (Eq. 2-10) 
Load 
(b) area defined by (Eq. 2-16) 
Fig. 2-8: First order approximations of the incremental fracture energy 
LEFM and Stress Intensity Factor 
Three different modes of fractures can be identified: the direct opening mode (mode I), the 
shearing mode (mode II), and the tearing mode (mode III). The need for combining these 
different modes in fracture analysis prompted Irwin (1957)32 to introduced the concept of a 
stress intensity factor K for each mode (K,, K and K,,, ), which has the advantage of being 
additive, while Griffith's energy release rate is not. In the following, the discussion will be 
limited to mode I, as there is no major conceptual difference between the various modes. 
The stress intensity factor, K1, defines a good approximation of the effective elastic stress over a 
radius ref from the crack tip. This stress is assumed to control the fracture process. The 
assumption is that non-linear phenomena are well enough confined at the crack tip not to disturb 
the asymptotic elastic field at the distance ref. In this case, Inglis' formula for the distribution of 
elastic stresses can be written using the stress intensity factor: 
_ 
K, g(9) 0(r) 
2irr 
(Eq. 2-17) 
with r, the radial distance from crack tip 
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Displacement Displacement 
g(9), a directional function depending on the polar angle, 9, only 
and K,, the stress intensity factor in mode I, with the dimension [N. /m'`] 
The fracture propagation is assumed to be linear in the sense of Irwin32, if the size of the non- 
linear fracture process zone (radius r, ), and the size of the controlling zone (radius reg) are small 
enough compared to the characteristic dimension of the cracked body, d,,,, and to the extent of 
the crack, a. Indicative orders of magnitudes are: 
a, doh > 10 ref (Eq. 2-18) 
and ref-> 5 rI that is a, d, h > 50 r1 (Eq. 2-19) 
With these hypotheses, the calculation of the energy release may be expressed on the basis of 
the stress intensity factor30: 
l2 
R_a 
Wext 
- 
Uel 
/= 
K/ 
as E 
with E, the modulus of elasticity of the material 
(Eq. 2-20) 
Therefore checking the energy conservation principle for crack initiation, (Eq. 2-4), amounts to 
checking the stress intensity factor: 
K, =K ,c 
(Eq. 2-21) 
Kjc is the critical intensity factor or fracture toughness of the material. It is supposed to be a 
material characteristic, on the same basis as Gp 
A general formulation of K, can be written30: 
K, =6N"V. f(a, ) (Eq. 2-22) 
with a, the crack length, 
aý = a/d,,, the crack extent ratio, 
6N, the nominal stress: 6N=F/tdch in 2 dimensions and 6N=F/dch2 in 3 dimensions, 
F, the external load, 
d,,,, the characteristic dimension, 
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t, the thickness for 2 dimensional problems, 
f(ag), a geometry correction function. 
The values of f(ag) have been calculated analytically and tabulated for some simple cases33 
However, its general determination is a stress analysis problem and requires computational aid. 
Finite element analysis is the most commonly used method. 
Size Effect Law 
As mentioned previously, the strength criterion predicts that failure always arises at the same 
stress level, whatever the size of the considered structure. On the contrary, LEFM predicts a size 
effect on the nominal stress at failure, 6N,,. The size effect law for LEFM is deduced combining 
(Eq. 2-21) and (Eq. 2-22): 
K1 K1 
=_ 07N 
,u Id- 
ch 
Jirac 
u .f 
(ac, 
u) 
d 
ch 
0(ac, 
u 
(Eq. 2-23) 
For geometrically identical structures of various sizes, O(ar) is the same function. 
Consequently, K, c /0 (a,,,, ) is a constant and the ultimate nominal stress varies with 1/'Jdcn. 
Using a logarithmic formulation, the size effect law writes30: 
log (6N, 
u) = 
log 
Kýc 
log (d 
ac.,, 2 T<P 
(Eq. 2-241) 
This is the equation of a straight line of slope -1/2 in the plane 6N,, - den with logarithmic scale, 
Fig. 2-9. 
Log(6N u) 
strength 
criterion 
---- ý- ------------ 
LEFM 
actual f size effect 
size effect 
of concrete 
Log(dcn) 
Fig. 2-9: Plot of the size effect law in the plane log(ßN,,, )-log(dCf) 
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Limitations of LEFM 
fracture 
concentrated 
fracture 
process zone 
ý ir: a 
ý":.. 
": l 
plastic yielding 
precursory 
cracking 
(a) Brittle material (b) Ductile material (c) Quasi-brittle material 
Fig. 2-10: Structure of different fracture process zones 
The most demanding restriction on LEFM is the limitation of the size of the fracture process 
zone, (Eq. 2-18) and (Eq. 2-19). LEFM applies perfectly to brittle materials like glass, 
plexiglass, brittle ceramics and brittle metals, as they present very concentrated fracture process 
zones (FPZ), Fig. 2-10. However, two other types of fracturing materials present relatively large 
FPZ30: 
- ductile metals, like tough steel, 
- and quasi-brittle materials, like concrete, rock, ice, stiff clay and fibre composites. 
In the case of ductile materials, yielding is the dominating non-linear phenomenon. The FPZ is 
partitioned into a small softening fracture zone at the tip of the crack, surrounded by a large 
yielding zone. Using the concept of effective crack extension, Irwin (195 8)34 obtained an 
approximate assessment of the length of the FPZ for ductile materials: 
2 
1 K1c 
with f., the yield strength 
(Eq. 2-25) 
More accurate assessments of rj resulted subsequently in the condition formulated in the ASTM 
E399(1983 )35: 
2 
a, dch > 2.5 
K1c (Eq. 2-26) 
In the case of quasi-brittle materials, the dominating non-linear phenomenon is strain softening. 
microcracking 
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The size of the FPZ is about ten times as large as the yielding zone of ductile metals. The FPZ is 
constituted of precursory cracks responsible for strain softening, surrounded by a relatively thin 
area of hardening damaged material (microcracking for concrete). 
Based on experimental evidences (Bazant and Pfeiffer 198736), the ACI Committee 446 on 
Fracture Mechanics (1992)30 suggested the following restrictions for the limit of applicability of 
LEFM to concrete: 
for eccentric compression specimens: dc,, > 46 dagg 
for three-point bend specimens: doh > 135 dugg 
for concentric tension specimens: drh > 420 d,, Rg 
where dXg is the maximum aggregate size 
2.2.2. Non-linear Fracture Mechanics 
(Eq. 2-27) 
(Eq. 2-28) 
(Eq. 2-29) 
Kaplan (196 1)37 was the first to apply LEFM to concrete, but concluded that it was not 
appropriate as the size of the FPZ was generally to large for the considered structures. From 
then on, efforts have been made to develop a fracture theory applicable to quasi-brittle 
materials. 
Equivalent Elastic Crack Models 
One of the early ideas to compensate for the softening FPZ in front of the crack tip has been to 
add a fictitious crack extent, dae, to the actual crack length, ao. LEFM is then applied to the 
fictitious crack length so that the actual softening distribution of crack-closing-stresses is 
replaced by a shifted distribution of asymptotic crack-closing-stresses. This is called the far 
field equivalence and the models based on this concept are called equivalent elastic crack 
models, Fig. 2-11. 
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Fig. 2-11: Equivalent crack concept. 
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If the length of the FPZ is written using (Eq. 2-26), r1 = 77(K, /f, )2, the effective crack extension 
can be written': 2 
Aa_ 
1 K, 
e IT f( (Eq. 2-30) 
Therefore dae depends on the extension of the FPZ which depends on the geometry and the load 
level. Thus the model becomes non-linear. At the limit, when the FPZ is supposed to be fully 
developed in an infinitely large body, Aa, equals cJ ,a 
length assumed to be a material constant. 
The equivalent elastic crack concept is usually applied to the critical situation. 
Most of the models developed from the equivalent crack concept are not predictive but rely on 
the experimental measurement of the effective crack extension. They have mainly been used to 
experimentally deduce the real fracture toughness of materials from their apparent fracture 
toughness38 
A similar model is the two-parameter model of Jenq and Shah39. The material constant is not the 
extent of the equivalent crack but the crack-tip opening displacement, wTC. Fracture is assumed 
to occur when K=K, c at the tip of the equivalent crack and the opening of the equivalent crack 
at the tip of the real crack is equal to the material constant, wT, Fig. 2-11. 
It should be noted that in these models a strength criterion is indirectly enforced besides the 
LEFM energy criterion. 
R-Curves: 
At this point, a precision on the notation must be given. So far, G has been used to refer to the 
fracture energy of the material, i. e. the crack growth resistance, since the notation commonly 
adopted for the critical fracture energy of concrete is Gj. Consistently, R has been adopted for 
the energy release rate. However, other authors (dealing with fracture mechanics of steel), use R 
for the crack growth resistance and G for the energy release rate. Exceptionally, this notation 
will be used in this sub-section. 
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An extension of the equivalent elastic crack model aimed at determining the full load 
displacement curves is the R-curve approach. In this approach, the crack growth resistance, R, is 
varied from a base value at onset of cracking (often zero) to the LEFM critical fracture energy 
Gf when the crack propagates with a fully developed FPZ. For a given structure size and 
geometry, the crack growth resistance becomes a function of the effective crack extension, 
termed the R-curve: 
R=F(dae)=Gf f 
Aae 
cf 
U U: 
U 
crack extent, aýla0 
4 
'Cý 
cl3 
O 
(Eq. 2-31) 
Fig. 2-12: Graphical solution of a crack propagation problem using R-curves 
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123 
displacement, u 
On the other hand, the energy release rate is a function of the intensity of the load and of the 
effective crack extension: 
G= 0(P, ae (Eq. 2-32) 
Enforcing the condition for quasi-static fracture process, R=G, along with the static 
equilibrium of the structure, F= K"u, provides a sufficient system of equations to determine the 
complete load-displacement curve. This system can be solved graphically, Fig. 2-12. 
It was first thought that the R-curve was dependent on the material only. But it has been shown 
that both the geometry and the size of the structure have a significant influence on the R-curves. 
Cohesive Crack Models: 
With so many variables, the equivalent crack models and the R-curve approach appeared not to 
be practical. Consequently, a more physical approach was sought. To this aim, the actual 
distribution of softening stresses had to be simulated. Hillerborg (1976)40 introduced the 
fictitious crack model where the zone of softening material ahead of the crack tip is lumped into 
a linear interface in front of the simulated crack. The distribution of the crack-closing-stresses is 
then modelled by a one-dimensional approximation. 
In this model, the elastic response of the bulk material and the non-linear softening response of 
the crack opening are treated separately. As shown in Fig. 2-13, the softening behaviour 
observed experimentally in the load-displacement behaviour for a tension specimen is 
decomposed into the elastic stress-strain relationship of uncracked concrete and the crack- 
opening-displacement curve of the fracturing cross-section. 
The fundamental hypothesis for this model is that a constitutive relationship between average 
crack opening and softening stress exists in the FPZ. This hypothesis is difficult to check, as has 
already been mentioned. The strain-softening curves obtained from displacement-controlled 
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Fig. 2-13: Decomposition of the strain-softening behaviour in various models 
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tension specimens must have boundary and structural effects removed. Even then, it is not clear 
if the behaviour of the FPZ ahead of an advancing crack is similar to the cross-sectional 
softening displayed by tension specimens. The influence of the geometry and of the size of the 
structure modelled are also difficult to estimate. 
The implementation of the cohesive crack model requires numerical tools. Several methods 
have been applied to solve the problem. Some codes have been written specifically for solving 
non-linear fracture problems based on traditional boundary-integral methods or modified 
boundary-integral methods41. A few attempts to use the boundary element method have also 
been recorded42. However, the concept of the cohesive crack has mainly been implemented in 
finite element codes in the form of interface elements containing the constitutive crack opening 
relationship which are inserted between elastic 2D or 3D elements. This method is termed 
discrete cracking. 
The limitation of these numerical models is that the path of the crack has to be predefined 
before the analysis is started. To compensate for this limitation, re-meshing in the course of the 
non-linear analysis has been considered and implemented on a few academic finite element 
packages43. However, no commercial package presents this facility, as it requires a huge amount 
of computing power for a limited benefit. 
Size effect 
Using the concept of equivalent elastic crack, Bazant (1984)' deduced a general formulation for 
the size effect law of quasi-brittle materials. 
A simple deduction is possible by considering the crack propagation in two similar concrete 
structures of different sizes, Fig. 2-14. At the stability limit, the effective crack extension is 
suppose to be constant and equal to cl. The area relieved by crack extension is supposed to 
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radiate at 45 deg. from the crack tip. The condition for static crack propagation of (Eq. 2-1) is: 
2 
Wf =2t(a+cf)6" - ga=bGf -ffa 2E 
where t is the plate thickness 
ao is the initial crack length 
cf the critical effective crack extension 
6N,,, the ultimate nominal stress 
E the modulus of elasticity 
and &i the incremental crack extension. 
. H' Cf 
Fig. 2-14: Deduction of Bazant (1984) non-linear size effect law. 
This leads to the following formulation of the size effect law: 
/EG1/ci 
6N u1+ ao/cf 
from (Eq. 2-20) and (Eq. 2-30), cf can be expressed as follows: 
ß K'C 
2=ß 
EGf 
cf ft ft2 
with 8a material constant. 
and ao can be expressed as a fraction of the structural 
dimension, D: ao = aD 
(Eq. 2-33) 
(Eq. 2-34) 
(Eq. 2-35) 
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Consequently, (Eq. 2-34) can be rewritten: 
07N, 
u 
Bf, 
VI + -D/DO (Eq. 2-36) 
where B is a dimensionless constant and Do = cf/a is an internal length. Both B and Do depend 
on the material and the structure geometry but not on the structure size. (Eq. 2-36) is the general 
formulation of Bazant's non-linear size effect law, Fig. 2-9, p l7. 
2.2.3. Determination of the fracture parameters 
In non-linear fracture mechanics, the definition of material properties requires three parameters. 
These parameters can be determined experimentally or deduced from empirical formulae as a 
function of the concrete compressive strength and the maximum aggregate size. 
The first parameter is the tensile strength, which is easily accessible experimentally by cube, 
cylinder or splitting test. For concrete, the CEB-FIP Model Code 905 (eq. 2.1-4, sec. 2.1.3.3.1) 
provides an empirical relationship between the tensile strength, f,, and the compressive strength, 
fý: 
3 
fr=1 .4" 
f' 
MPa 
10 
where ff is expressed in MPa. 
(Eq. 2-37) 
The second parameter is either the specific fracture energy, Gp or the critical fracture toughness, 
K1c. The relation between the two quantities is described in (Eq. 2-20). The fracture toughness 
can be determined experimentally using a three point bending test on notched beams. A method 
using LEFM inspired from ASTM standard E399 (1983) 
35 is presented in Murakami (1987) 33 
Methods based on the equivalent elastic crack concept called compliance calibration and 
modified compliance calibration have been developed by Swartz et al. 
45. All these methods are 
thoroughly described in the state-of-the-art report by ACI Committee 446 on Fracture 
Mechanics (1992)30 
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The most widely adopted method for the determination of Gf is the work-of-fracture method 
proposed by Hillerborg (1985) 46, which was later adopted as a standard method by RILEM 
TC50 FMC (1985)`7. The method is based on the fictitious crack concept and thus is not an 
LEFM method. Gf is deduced from the load-displacement curve of a notched beam in three- 
point bending, taking into account the effect of the self-weight: 
Gf=W°+ mg 45° (Eq. 2-38) 
A frac 
where Wo is the area under the recorded load displacement curve, i. e. the work of the 
external force up to failure, 
mg8o is the additional work done by self-weight up to failure 
and Afrac is the projected area of the fractured surface. 
Guinea, Planas and Elices (1992)48 tried to improve the formula by developing correction 
methods for the effect of the bulk energy dissipation, the experimental procedure and the size 
effect. It should be noted that three-point bending tests can adequately be replaced by the more 
stable wedge-splitting test refined by Brühwiler (1988)49 
Based on the results of many tests on concrete, the CEB-FIP Model Code 905 proposed an 
empirical formula (eq. 2.1-7, sec. 2.1.3.3.2) for the assessment of Gf based on the concrete 
compressive strength and the maximum aggregate size: 
0.7 
fý 
Gf=G fo fro 
where 
and 
fco = 10 MPa 
(Eq. 2-39) 
Gf;, is the base value of the fracture energy depending on the maximum aggregate 
size, daxx 
logg (mm) Gf0 (N. m/m2) 
8 25 
16 30 
32 58 
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It is possible to deduced an interpolation curve for the expression of G. Consequently, the 
formula can be rewritten: 
Gf = 0.0469"dü2R -0.5-duXX 
o. 7 
+26). 
10 
(Eq. 2-40) 
The last parameter necessary for the implementation of the fictitious crack concept is the shape 
of the strain-softening curve, considered to be a material property. 
The most direct way to obtain experimentally the strain-softening curve of fracturing concrete is 
to use a uniaxial tensile test. To be able to follow the descending branch of the load- 
displacement diagram, displacement control has to be enforced. This can be achieved either 
with an extremely stiff test rig and a constant displacement speed, or with a servo-controlled 
loading process where the crack mouth opening is monitored. 
If constant speed of displacement is implemented, the specimen length must be short enough so 
that elastic contraction in the softening phase does not produce a snap back, which could not be 
followed. If crack-mouth-opening-displacement control is used, the measuring apparatus needs 
to be placed at the cross-section where cracking localises. The position of cracking can be 
forced by using notched or bone shaped tension specimens. Documented testing procedures are 
available in Hordijk (1989)50 and Daerga (1992)51. 
Extensive testing experience acquired at the Stevin Laboratory16 suggested that boundary 
conditions and the specimen shape had to be carefully chosen to avoid asymmetric cracking to 
take place, inducing structural effects on the strain-softening curve. The end-platens have to be 
rotationally fixed and the specimen length short enough to avoid rotation in the cracking plane. 
At the same time the cracking has to occur in a cross-section far enough from the extremities to 
avoid boundary effects. 
29 
Experimental observation of the strain-softening behaviour of concrete has resulted in the 
formulation of several dimensionless equations. The two conditions that the curves have to 
satisfy are that the initial value of the stress a, should be equal to f, and that the area under the 
stress-crack-opening curve should be equal to Gf. This results in the ultimate crack opening, 
w`rr , 
being proportional to G1/f,. 
The simplest softening curve is the linear approximation directly deduced from the two 
conditions. This model will not be discussed here as it is too far from the physical behaviour 
that occurs to provide realistic results. The next model, with increasing complexity, is the bi- 
linear curve. The CEB-FIP Model Code 905 suggests a bi-linear model with the position of the 
discontinuity point depending on the maximum aggregate size: 
`r 
1-0.85 
W 
ft Wl 
for 0.15f<<6<<ff (Eq. 2-41) 
cr cr 6` 
= 0.15 
Wur, -w 
cr ft wult - w1 
for 0<at<0.15ff 
where 6 is the stress across the crack and wc, is the crack opening 
G 
w, =2f-0.15 w,. 
and cr 
Gi 
W 
ult - 
aF 
A 
t 
(Eq. 2-42) 
The coefficient aF depends on the maximum aggregate size dagg and is comprised between 5 and 
8 for dung varying between 8 and 32 mm. 
. Other bi-linear curves have been developed, notably by Petersson (81)52 and Wittmann (88)53 
Reinhardt et al (1986) 22 developed a non-linear curve referred to as Moelands and Reinhardt's 
power law 
23 
, 
. 
0.31 
a cr wcr 
t= 1- (Eq. 2-43) 
cr ft Wulf 
G 
with the ultimate crack opening wti, 
;; 
t = 4.226 ft 
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Van der Veen (1990)54 proposed a similar power law. By fitting experimental data, different, 
although very similar, constants resulted: 
IT cr w cr 
0.248 
t-1 (Eq. 2-44) 
ft w cr Ulf 
with the ultimate crack opening wUl, = 5.14 " ft 
. 
f, 
Rosati et al (1991)55 suggested a different formulation with a parameter, K, allowing the initial 
slope of the softening curve to be set: 
cr cr Cr 6t 1-w wurt 
ft l+x'w/dagg, 
(Eq. 2-45) 
Hillerborg formulated a quasi-exponential curve with its shape depending on a single parameter 
r 
assumed to be a material constant: aF = uC` 
f 
As mentioned before, aF is assumed to be Gf 
dependent on the maximum aggregate size according to the CEB-FIP Code 90. Most authors set 
aF between 4 and 5. Hillerborg formula varies from linear softening for aF =2 to full- 
exponential for aF = 0. The equation is given by: 
cr w cr 
t= (1 + C, ) " exp IC2 cr C1 ft Wulf 
Gf 
where Wult = aF - ft 
C2 =1-c, lnI+cl 
and 
cl 
1-c2 
= aF 
Cl c2 
(Eq. 2-46) 
The most reliable curve, however, is the curve developed by Reinhardt et al (1986)22, referred as 
Hordijk's exponential softening curve16'25. It was compared with normal strength and light- 
weight concrete and was shown to give satisfactory results. Hordijk has set the constants 
for 
normal strength concrete as follows: 
6 cr wcr 
3 
wcr Wcr 
= 
11+13 
exp - 6.93- - 28 - exp 
(- 6.93). (Eq. 2-47) 
cr cr cr 
f 
Walt WIIlt Wulf 
with the ultimate crack opening 
s 1, = 5.136 
Gf 
ft 
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The different curves, (Eq. 2-4 1) to (Eq. 2-47), are plotted and compared in Fig. 2-15 to Fig. 
2-17. 
2.2.4. Reasons for applying Fracture mechanics to concrete 
For structures failing in unstable fracture propagation, a strength criterion is not applicable as 
the theory of the deformation of elastic material predicts an infinite stress concentration at the 
crack tip. Plasticity on the other hand, allows for non-linear stress redistribution, but does not 
simulate appropriately the quasi-brittle behaviour of concrete. However, the structural analysis 
must agree with the lack of yield plateau from the load-deflection diagram. 
The two important pieces of information expected from a suitable simulation for design 
purposes is the ultimate load, corresponding to unstable crack propagation, and the post-peak 
behaviour, characteristic of the energy absorption capability and the ductility of the structure. A 
strength criterion can only predict the onset of stable cracking, which can occur at a much lower 
load than crack instability. A plasticity approach on the other hand, even if it can satisfy the 
energy consumption requirement, always predicts a ductile behaviour in contrast with the 
experimentally observed behaviour in certain modes of failure. 
In conclusion, for plain concrete structures, fracture mechanics should always be used to predict 
the ultimate cracking load and the post-peak behaviour. For reinforced concrete, when structural 
failure is controlled by steel yielding across the cracks, plasticity analysis is suitable. However, 
when failure is completely controlled by fracture, like shear failure of beams without stirrups or 
bond failure by splitting of concrete, the plastic behaviour of steel is not the prominent 
phenomenon and failure should be predicted by fracture mechanics. 
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2.3. Finite Element Methods and Continuum 
Formulations 
By definition, fracture is a discontinuous phenomenon. The implementation of the fictitious 
crack concept in finite element analysis by inserting discrete interface elements describes 
fracture in a discontinuous manner, but lacks generality and is a cumbersome procedure. The 
finite element method was first developed to simulate continuous elastic bodies and its 
formulation is thus more appropriate to describe continuum mechanics phenomena. 
Consequently, efforts have been put into developing a continuum formulation equivalent, at the 
macroscopic scale, to the cohesive crack concept. 
To this aim, the strain distribution described by a dirac function in the discrete crack approach 
has to be replaced by a finite strain distribution in the continuum approach, i. e. the continuity of 
the displacement field has to be restored. This is achieved in the smeared crack approach, where 
the crack opening is smeared over a certain crack band, in a direction perpendicular to the crack 
extension. Over this crack band, the strains are decomposed into elastic and fracturing strains. 
The former models the reversible isotropic elastic deformation of the material in the crack band, 
while the latter accounts for the dissipative orthotropic behaviour caused by crack opening. 
Continuum mechanics is based on four fundamental principles56. The two first principles are 
mechanical principles, which enforce the conservation of the mass and the theorem of virtual 
works. These two principles are implicitly satisfied in the formulation of the finite element 
method. 
This is not the case, however, of the two other principles stemming from thermodynamics. The 
first one is the conservation of the energy, stating that the internal energy, 17, is a state function 
depending only on the state of the structure. This corresponds to the fundamental principle of 
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fracture mechanics, (Eq. 2-1). The second principle defines the entropy of the system as a purely 
additive state function, remaining constant for reversible processes, while increasing for 
dissipative processes. In the case of concrete cracking, the entropy can be understood as a 
measure of the fracture energy dissipated, or as a measure of damage or material disorder 
caused by fracture. For the two thermodynamics principles to be satisfied, special care must be 
taken in the formulation of the constitutive models used in the smeared cracking approach. 
2.3.1. Constitutive models 
General Description 
The derivation of the general description of the constitutive equations for strain-softening is 
based on thermodynamics considerations. The reader may refer to the book by Lemaitre and 
Chaboche (1985)57 for full details. Only the fundamental conclusions will be reproduced in this 
section. 
The state of the structure at a given point is supposed to be entirely defined by the strain tensor 
and a set of internal variables, Pk. Theoretically, these variables do not need to have a physical 
meaning, but most of the models developed adopt physical variables as it eases the 
determination of constitutive evolution laws. The internal variables commonly adopted are the 
maximum cracking strain in the loading history, Ff, and the cracking plane defined by its 
normal vector, n. 
A system of equation relating the stress, to the strain and to the internal variables is necessary. 
With the hypothesis of linearity in the infinitesimal strain tensor, the general relation can be 
written: 
E=C(nk )07 (Eq. 2-48) 
where C(pk) is the secant compliance tensor and 
' is the irrecoverable or plastic strain, both 
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depending on the internal variables, Pk. This corresponds to a constitutive models where strain- 
softening can occur either by stiffness degradation or by strength degradation. 
Eventually, a set of evolution rules, also called flow rules in reference to plasticity, have to be 
formulated. These rules state the criteria defining the evolution of the internal variables with the 
loading conditions. The compliance of these rules with the second principle of thermodynamics 
must be ensured. 
The evolution rules can be stated either in an integral form or in an incremental form. A 
common choice is to adopt loading functions obtained by generalisation of classical plasticity. 
The softening criterion is defined by a yield surface: 
F (a, Pk ,, u) <_ 0 (Eq. 2-49) 
And the evolution of softening is defined by an associated incremental flow rule: 
Pk = Hk (Pk 16191 
P (Eq. 2-50) 
where ,u 
is the softening variable, with ,u >_ 0 and Hk are the softening functions. 
A few typical formulations are presented in the following. 
Damage Model with Stiffness Degradation 
In the damage model, softening is entirely due to stiffness degradation, i. e. the relation between 
stresses and strains has a secant formulation: 
E=C(Zf, n)-6 (Eq. 2-51) 
where the compliance tensor C depends on the maximum cracking strain in the loading history, 
Ef, and on the direction of cracking, n. This does make physical sense as the internal 
variables describe the history-dependent state of damage at a given point. 
The property of isotropy of the material induces that fracture in the normal mode and fracture in 
the tangential mode are uncoupled. Using this property and decomposing the strain into elastic 
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and cracking strain leads to the following formulation: 
E_l+vý_vtr(a)"Id+CN(2ýf)"n®n+CT(Ef). (6T (9n+n06T) (Eq. 2-52) EE 
where the two first terms corresponds to the elastic strain, the third term to the direct crack 
opening and the last term to the tangential crack sliding. 
Expressing (Eq. 2-52) in the local coordinate system of the crack, (n, t, s ), and arranging the 
stresses in the six-dimensional column format yields: 
Enn 1+ ECN -V -V 6nn 
E. c. s =E-VI-V ass (Eq. 2-53) 
Eti -V -V 1 6 
and 
yns 
1100 
Ts 
ys, =G0 1+ GCT 0 Tr, (Eq. 2-54) 
yn 001+ GCT z, n 
Considering a uni-axial state of tensile stress, the equation reduces to: 
07 
= E, + CN 6 (Eq. 2-55) 
Using one of the monotonic softening curves, (Eq. 2-4 1) to (Eq. 2-47), of the form or= 4(w") 
and assuming that the crack band width, over which the crack is smeared, is known and equal to 
h, the expression for CN can be deduced: 
CN (Eq. 2-56) Ni nn - 
4(h Tn 
where e is the maximum cracking strain normal to the cracking plane. 
For the sake of simplicity, CN is generally assumed to be independent of the tangential strains, 
yns and ynt" 
As very few experimental data are available on the tangential behaviour, the definition of CT is 
mostly speculative. Brittle tangential behaviour, i. e. Cr = oo at onset of cracking, was shown to 
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produce unstable analyses. Therefore, a so-called shear retention factor is artificially introduced. 
Since very little is known about the evolution of the shear stiffness of a crack as it opens, the 
shear retention factor, 83,, is generally set as a constant. CT and /3, are linked in the following 
way: 
CT = 
1-ßs 
ßsG (Eq. 2-57) 
Another solution is to assume CT proportional to CN. This amounts to considering that the 
softening behaviour is totally controlled by a single internal variable, the maximum normal 
cracking strain, n: 
f CT = CT ' CN Enn (Eq. 2-58) 
It is now possible to formulate the model as a classical scalar damage model, with a single 
scalar variable, co, which defines the percentage of damage at a particular point: 
ECN 
and wT =G- 
CT 
w (Eq. 2-59) 
1+ECN E 
and the definition of w from the softening curve is given by: 
EEC 
CO =_ nn 
_ 
(Eq. 2-60) 
Eenn + `Y(h . inn / 
The stress-strain relation then reduces to the classical expression: 
enn 
1 
1/(l - Cv) -v-v 6nn 
Es"; =E-v1-v ass (Eq. 2-61) 
E« _V -V 1 6, t 
and 
uYns 100 Tns 
YSr =G0 1/(1- WT) 0 Tst (Eq. 2-62) 
Ytn 00 1/(1-wT) Tm 
To define an irreversible fracturing constitutive model with unloading to its origin, Fig. 2-18-a), 
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the following evolution rules needs to be adopted: 
EI -f <0 nn -nn - (Eq. 2-63) 
and the associated flow rule: 
S 
= Ef with Ef 0 nn nn nn (Eq. 2-64) 
Elasto-plastic Model with Strength Degradation 
The elasto-plastic model adopts a simple stress-strain relation based on the decomposition of the 
strains into elastic and irrecoverable plastic strains: 
e+E=1+u6-v tr(6) . Id +, c" 
(EP) 
(Eq. 2-65) EE 
where ýI corresponds to the set of internal variables. 
Various flow rules can then be adopted. When complex states of mixed tension-compression 
stresses needs to be modelled, a Mohr-Coulomb or a Drucker-Prager type of yield condition 
needs to be adopted. 
However, when compressive stresses are assumed to be low enough not to influence the 
cracking behaviour, a simple Rankine yield criterion is sufficient. The Rankine criterion 
corresponds to a square yield criterion in the plane of the principal stresses: 
6, -«h " inn 
)<0 (Eq. 2-66) 
where 61 is the largest principal stress, 0 is the unidirectional strain-softening law, h is the 
assumed crack band width and EP, is the equivalent uni-axial plastic strain. 
The associated flow rules simply states that the plastic strain takes place in the direction of the 
maximum principal stress, i. e. the normality rule: 
ýý=En non (Eq. 2-67) 
where n is the direction of the maximum principal stress, 6,. 
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Consequently, in the Rankine type of elasto-plastic model, the crack plane is assumed to co- 
rotate with the principal stresses, so that no tangential cracking strain ever occurs. 
With this evolution rule, softening is entirely achieved by strength degradation. Upon 
unloading, only the elastic strains are recovered, Fig. 2-18-b). During the loading history, the 
principal softening strain increases monotonically. 
a) damage model b) elasto-plastic model c) mixed model d) experimental response 
Fig. 2-18: Loading-unloading response of various constitutive models 
Mixed Model 
The main difference between the two aforementioned constitutive models is their response upon 
unloading, Fig. 2-18. Experimental uni-axial unloading-reloading curves display a complex 
behaviour comprising hysteresis loops, Fig. 2-18-d), which neither the damage nor the plastic 
model can simulate. It is felt that the damage model makes more physical sense to describe 
fracture, while the plasticity is more appropriate to model complex triaxial states with critical 
tensile and compressive stresses. 
A response upon unloading closer to experimental curves can however be achieved by adopting 
mixed models, where softening occurs both by stiffness and strength degradation, Fig. 2-19: 
E=Ee +Cf6+EP (Eq. 2-68) 
For the sake of simplicity, the fracture plane can be assumed to co-rotate with the maximum 
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principal stress, 6, and the Rankine yield criterion can be adopted for the plastic strain: 
e=Ee +77(Ef ). 6, .n® +H(Vf On (Eq. 2-69) 
where 1j and H are material functions related to the softening curve 0. The maximum normal 
cracking strain in the loading history, Ef, is the only internal variable. 
The softening criterion writes: 
6' -0(v)<0 (Eq. 2-70) 
and the associated evolution rules: 
Ef =E n with e >0 (Eq. 2-71) nn - 
dH f 
and = ý"f nOn dE (Eq. 2-72) 
Considering the case of uni-axial tension, the relation between 77, H and 0 is obtained: 
V=i, (V ))+H(V 
77 
H(V 
f (Eq. 2-73) f 
where H 
(E f) represents the permanent strain remaining after unloading, Fig. 2-18-c). 
a) elastic stage b) softening stage 
Fig. 2-19: Schematic representation of the mixed constitutive model 
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2.3.2. Localisation and boundary value problem 
Models based on the cohesive crack concept have been shown to require three material 
parameters, namely, the tensile strength, f, the specific fracture energy, GI, and the shape of the 
softening curve. This information is entirely contained in the equation of the softening curve, 
Gt = j(wdt) In the continuum formulation of strain-softening, the crack opening vv" is not 
explicitly known, and the definition of the evolution rules from O(w`r) implies that the band 
width, h, over which the crack opening is smeared, is known in advance, Fig. 2-13, p24.. 
Some authors have assumed that the crack band width is a physical parameter, and ought to be 
determined from material characteristics, e. g. the maximum aggregate size. This assumption, 
based on the fact that the FPZ observed experimentally displays an inherent width, is in fact 
erroneous in the framework of the classical finite element formulation. As noted by Rots 
(1988)61, although it is possible to argue that the smeared crack concept appropriately simulates 
the dispersion of the FPZ ahead of the crack tip, the portion of the crack behind the crack tip is 
indisputably a discontinuous phenomenon for which the smeared crack concept is an artifice 
introduced for computational convenience. 
The width over which cracking strain will be smeared is indeterminate in finite element 
analysis, unless some kind of localisation limiter is introduced. This can be demonstrated simply 
by considering the example of a plain concrete bar loaded in uni-axial tension. 
ýX, 
stress 
average strain, E 
a) finite element discretisation b)adopted constitutive law 
Fig. 2-20: Plain concrete bar loaded in uni-axial tension 
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The bar is discretised along its length into n identical elements, Fig. 2-20-a). The load is then 
increased up to the cracking point. At this point, a uniform state of stress exists throughout the 
bar. The cracking strength f, is reached in all the elements at the same time. From that point 
onwards, it can be shown58 that static equilibrium on the descending branch can be achieved by 
any combination of elements either softening or elastically unloading, Fig. 2-21-b). The two 
extreme behaviours are uniform softening occurring in all the elements and localisation of 
softening in only one element while all the others are unloading. In the first case, the crack band 
width is equal to the total length of the bar, h=L, while in the second case, the crack band 
width is equal to the length of a single element, h=L/n. Any combination is statically 
acceptable and can theoretically be predicted by finite element simulation. The cracking point is 
termed a bifurcation point as several equilibrium branches emerge from it. 
Load, F 
a) experimental response 
oad, F 
m=n extremity displacement, u 
b) possible finite element responses 
Fig. 2-21: Localisation of cracking in a plain concrete bar in tension 
For the continuum formulation to be macroscopically equivalent to the real structure, the 
predicted load-displacement diagrams must be identical. This can only be achieved by choosing 
the crack band width equal to the element length multiplied by the number of softening 
elements, h=m. L/n, since only one localised crack is experimentally observed in the length 
of the bar. Consequently, the constitutive material model depends on the degree of localisation 
the finite element model will allow. 
The bifurcation problem is a complex one and will be discussed further in section 2.2.4. The 
inability of the classical finite element formulation to solve the localisation problem is due to 
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extremity displacement, u 
the fact that the second law of thermodynamics is required to determine the appropriate 
bifurcated path, but the finite element formulation ignores this principle. This implies that 
beyond a certain level of softening, the governing set of partial differential equation changes 
regime, which is typical of bifurcation problems. In the static case, the elliptic character of the 
set of partial differential equations is lost, while, on the other hand, in the dynamic case, a 
change from a hyperbolic set to an elliptic set can be observed. In both cases, the rate boundary 
value problem becomes ill-posed and numerical solutions suffer from mesh sensitivity. 
In practice, the bifurcation problem rarely arises as such in structural analysis. A non-uniform 
state of stress is usually present, which allows localisation in a single element to occur. Local 
bifurcation can also be avoided by the introduction of small stochastic imperfections throughout 
the structure, allowing the cracking strain to localise in the weaker elements. Consequently, if 
uniform fields of stresses and structural symmetries are kept at a minimum, the standard 
continuum formulation of strain-softening will tend to predict strain localisation in a band with 
the width of a single element, while the rest of the structure remains elastic. This implies that if 
the mesh is continuously refined so that the element size tends towards zero, the simulated crack 
band width will as well tend towards zero. For the prediction of the continuum formulation to 
tend towards the cohesive crack approach, the fracture energy dissipated in the crack band needs 
to remain a constant and not depend on the finite element discretisation. This can be achieved 
by setting the crack band width equal to the characteristic size of the finite elements used. 
2.3.3. Bazant's crack band model 
Bazant and Oh (1983)59 refined the concept of smeared cracking to address the problem of 
localisation. Bazant's model, the crack band model, provides a solution to mesh size 
dependency by manipulating the crack band width so that the fracture energy dissipated remains 
constant upon mesh refinement. This does not constitute a regularisation method of the 
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boundary value problem as such, but it provides a useful method to render the smeared crack 
concept physically meaningful. 
In the crack band model, two cases are distinguished: 
1- The fracture is known to be physically distributed over the structure, with localised fracture 
planes spread at regular small intervals. This can be due to uniform stress fields in densely 
reinforced panels (e. g. shear walls), or to the presence of elastic structural elements 
restraining localisation (e. g. bonded steel plates). 
2- The fracture is known to be physically localised in a fracture plane. 
The following sections present the procedure recommended in each case. 
Physically distributed fracture 
It is assumed that, if the structure is properly modelled, the distributed nature of cracking will be 
reflected in the simulation in the form of a uniform field of cracking strains. The degree of 
softening is then independent of the mesh refinement. A single physical crack is smeared over 
an indeterminate number of finite elements displaying a constant distribution of cracking strain. 
It must be emphasised that the finite element formulation is unable to predict the density of 
fracture energy consumed, which depends on the average crack spacing observed 
experimentally. Consequently, an extra parameter must be introduced in the form of a crack 
band width equal to the average crack spacing: 
h-Luv (Eq. 2-74) 
Thus, in the case of distributed fracture, strain softening is defined by four parameters: three 
material parameters (f, Gt and the shape of the softening curve) and one structural parameter, h, 
depending on the structural elements responsible for crack distribution, e. g. the reinforcement 
grid. If experimental determination of the average crack spacing is not available, empirical 
formula must be resorted to. Usually, these formulae depend on the geometry of the elastic 
elements (e. g. diameter and spacing) and their elastic properties (e. g. elastic modulus). 
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Physically localised fracture 
In the case of localised fracture, the crack band model assumes that localisation also arises in 
the smeared model, and consequently each smeared crack in the simulation corresponds to a 
single physical crack. For this condition to be satisfied, it must be ensured that any structural 
symmetry is destroyed. This can be achieved either by introducing small geometric or material 
imperfection in a random manner, or by introducing crack initiators, like notches, concentrated 
forces or material discontinuities. 
In finite element analysis, the stress-strain behaviour at an integration point is considered to be 
representative for the area that belongs to it. Consequently, in the smeared crack approach, 
when fracture localises at an integration point, the area over which the cracking strain is 
smeared corresponds to the area belonging to the integration point. For the fracture energy 
consumed in the model to be equal to the fracture energy of a single crack, the crack band width 
must therefore be chosen equal to the width of the area belonging to the integration point. This 
width is proportional to the characteristic size of the element considered. It depends also on the 
number of integration points in the element, on the order of the shape functions and on the 
orientation of the crack inside the element. 
ech 
a) triangular element b) smeared cracking 
localised in one integration point 
Fig. 2-22: Definition of the crack band width, h 
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The general formula for the determination of the crack band width has the following form: 
h=a(P)"e` "(e) 
n(9) 
(Eq. 2-75) 
where a(p) is a correction factor (with a(p)<_ 1) depending on the order p of the shape functions, 
eß.,, (9) is the size of the element when projected on a line perpendicular to the cracking direction, 
and n(6) is the number of rows of integration points when projected on the same line, Fig. 2-22. 
The value of a(p) is difficult to assess and is generally approximated to 1. 
For instance, for a square element with linear shape functions and four integration points, if the 
orientation of cracking is parallel to the mesh lines, the crack band width is equal to half the 
element size, Fig. 2-23. 
xx 
xx 
a) square element 
XX 
b) smeared cracking 
localised in one integration point 
Fig. 2-23: Example of crack band width determination 
In elements large relatively to the structural size, elastic unloading displacements can 
become 
larger than the displacements due to cracking. The slope of the strain-softening curve at crack 
initiation is particularly critical. This slope results from the superimposition of the elastic 
modulus (positive) and the initial slope of the softening curve 
(negative), which depends on the 
degree of localisation, that is h. If h, which is proportional to the element size, 
becomes too 
large so that the initial slope of the strain-softening curve 
becomes positive, the element 
stiffness matrix becomes unstable with 
the presence of a local snap-back. 
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The critical crack band width is defined as follows: 
[dcrtl <0 
de 
c(T=o 
. 
[dat] 
. +E<0 dc" £cr =o 
d6` 
+E<0 
d (w /h) 
W`, =o 
. ". h-ß'(0)<_-E 
hý_ E 
$'(0) 
For linear strain-softening, of (02G which gives, h= EG 2 J. 
Iff 
For Hordijk's exponential softening curve, 0"(0) = -1.354. f12 
/G 
f, 
h,,, 
ax =0.738" EGfIff2 . 
(Eq. 2-76) 
(Eq. 2-77) 
which gives, 
It can be noted that hmax is of the general form: h1iax =A- EG f 
/f? where A is a coefficient 
depending on the shape of the softening curve. 
In this case, the non-linear finite element analysis will usually jump dynamically as shown on 
Fig. 2-24. This results in a larger fracture energy consumption than required, which remains 
constant upon variation of h. In this case, the general rules of the crack band model fail to 
resolve the localisation problem. Further steps needs to be taken to avoid mesh size dependency. 
Element load. 
F 
Fig. 2-24: Local snap-back in large elements 
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element displacement, u 
Alternative solutions are: 
- limit the element size so that h is smaller than h,, ax. 
- reduce the tensile strength so that the snap-back is avoided, conserving the same GI: 
I GfE z 
ft., 
educed = 2h (Eq. 2-78) 
Rots' fixed crack and multi-directional crack models 
Rots (1985)60 developed a crack band model with a formulation of the constitutive equations 
very similar to the damage model with stiffness degradation presented in section 2.3.1. This 
model is presented in more details in this section as this is the model chosen for subsequent 
finite element analyses. 
The constitutive equations are formulated using an abridged matrix formulation. The physically 
meaningful cracking strains, e`r = 
(Enn 
, Yn; 
)T 
, expressed 
in the coordinate system of the crack, 
are extracted from the cracking strain tensor using a transformation matrix N depending on n, 
the orientation of cracking: 
.6 
cr =N ecr 
ecr = N-' 
cr 
The same treatment is applicable to the stresses: 
6=N Scr 
Scr =N -07 
(Eq. 2-79) 
(Eq. 2-80) 
(Eq. 2-81) 
(Eq. 2-82) 
Accordingly, the secant formulation of (Eq. 2-61) and (Eq. 2-62) can be rewritten using a 
two-dimensional matrix: 
cr anti 
_Dj0 
enn 
Tnt 0 D/' rnt 
Scr _ 
Dcr ecr 
(Eq. 2-83) 
(Eq. 2-84) 
50 
In these equations, mode I and the mode II cracking are once again assumed to be uncoupled. 
In the simplest version of Rots' model, called the fixed crack model, the onset of cracking is 
caused by the maximum stress reaching the cracking strength, f,. The direction of cracking is 
taken at normal to the principal stress at onset of cracking and supposed to remain constant. 
This corresponds to the following evolution rule for the internal parameter n: 
n' = no 
(Eq. 2-85) 
where no is the direction of the maximum principal stress at onset of cracking. 
The general stress-strain equation is easily obtained from: 
6=D e. 
(-- 
- ccr) (Eq. 2-86) 
where De is the material elastic stiffness matrix. 
Upon manipulation, the final equation is deduced from (Eq. 2-82), (Eq. 2-84) and (Eq. 2-86): 
6= 
[De 
-D e N(Dcr + NT DeN)-' NT De (Eq. 2-87) 
where Do' is the initial D" 
If a non zero shear retention factor, 8, is chosen, and if rotation of the principal axes occurs after 
onset of cracking, significant shear stresses are allowed to build up along the crack, which can 
cause the maximum principal stress to exceed once again the tensile strength in spite of strain 
softening. Although, the fixed crack concept makes physical sense, a number of authors61-63 
have reported it to produce over-stiff responses due to shear retention. 
Consequently, the model has been modified to allow for multi-directional cracking. In the 
multi-directional crack model, after first cracking has occurred at an integration point, further 
cracking at the point is allowed to occur in a different direction based upon two criteria: 
the maximum principal stress is larger than the cracking strength, 
the direction of the principal stress is at an angle from existing cracking which is larger than 
a predefined threshold angle, 9c.,. A good choice for 0, is between 20 and 30 deg. to avoid 
over-stiffening and keep the level of complexity of the model reasonable. 
51 
Total strain is obtained by superposition of the contributions of all the cracks present in one 
point. To ease the formulation of the superposition of the cracking strains starting at different 
moment in the cracking history, an incremental approach is adopted where secant stiffness 
matrices are replaced by tangent matrices. For a complete presentation of the multi-directional 
crack formulation refer to Rots (1988)61. The multi-directional crack model is reported to yield 
softer responses than the fixed crack model. The simulated response is shown to fit better 
experimental behaviour. 
Rots (1988)61 demonstrated the equivalence to the limit of the multi-directional crack concept 
with the rotating crack concept for which no shear strains occurs in the crack as the axis of the 
crack is co-rotated with the principal stress axis. An example of purely rotating crack model is 
the elasto-plastic model with Rankine yield criterion presented in section 2.3.1. Simulations 
show that reducing the threshold angle, 6cr, to zero renders the multi-directional crack model 
equivalent to the Rankine model. 
Limitations 
The main drawback pertaining to the crack band model is the directional bias introduced by the 
mesh topology. Due to the discontinuous representation of the strain field inherent to the finite 
element approach by element shape functions, strain discontinuities of the first or second order 
are introduced at the element interfaces. This artificially introduces preferential fracture 
directions along the mesh lines. A fracture plane supposed to form at small angles (10 to 30 
deg. ) to the mesh line will tend to be attracted by the element boundaries. 
Consequently, a smooth fracture line is generally modelled by a rugged zig-zag crack band, 
which displays several linear portions following the mesh lines connected by kinks correcting in 
a discrete manner the deviation from the true fracture direction, Fig. 2-25. 
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Fig. 2-25: Zig-zag cracking induced by directional bias 
The objectivity of the method is therefore significantly compromised, as the cracking path 
predicted is mesh dependent. This leads usually to an over-stiff response of the model. 
The effect of the directional bias is multiplied by the fact that the behaviours of the integration 
points inside an element are generally coupled, which leads to smearing the crack over the 
whole width of an element, contrary to the assumption of strain localisation in a single 
integration point. In addition, the existence of kinks along the cracking path renders the fracture 
plane discontinuous, forcing certain softening elements to be restrained by their neighbouring 
uncracked elements, as emphasised by bold lines in Fig. 2-25. The compatibility of 
displacements implies either further distribution of the crack in its width or spurious stiffening 
with high stress concentration in the elastic elements. This phenomenon is called stress locking. 
To try to remedy the spreading of the crack band occurring in zig-zag crack propagation, Rots 
(1988)61 suggested the following correction for the assumed crack band width. These results are 
valid for a crack propagating at an angle of 30 deg. to the mesh lines: 
- linear triangular elements with one 
integration point, h=e, h 
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- linear quadrilateral element with four integration point, h=. er,, 
- quadratic triangular element with seven integration points, h= 
V/2 
- ec, 1 
- quadratic quadrilateral element with nine integration points, h= ech 
A second drawback of the crack band model is the appearance of spurious kinematic modes 
along the loading history. To the opinion of the author, these kinematic modes are not linked 
with the insufficiency of the integration scheme, but corresponds to local bifurcation 
phenomena that should be expected to arise due to the fundamental localisation indeterminacy 
of the smeared crack concept. While these spurious modes do not have significant influence on 
the structural response, they seriously impair the stability of the non-linear process resulting in 
insurmountable divergence in the iterative solution procedure. 
In conclusion, the determination of the crack band width prior to the analysis proves to be a 
difficult task, especially if the direction of cracking relatively to the mesh topology is not known 
in advance. The crack band approach should therefore be seen as an approximate manipulation, 
through the determination of h, aimed at reducing mesh dependency. This does not however 
constitute a proper regularisation method of the boundary value problem. 
However, Rots (1988)61 demonstrates that the role of Gf is less important than the role of the 
two other material parameters (f and the shape of the softening curve). Since the size of the 
crack band width only influences Gf in the smeared crack model, this alleviates the 
consequences of the errors and questions involved in the determination of h. This is for this 
reason that the crack band method remains the most commonly used model for simulating 
fracture in quasi-brittle material. 
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2.3.4. Alternative models 
As the drawbacks of the crack band model were discovered, the need for a more robust and 
more reliable model grew stronger and stronger. Two possible solutions were then available: 
- Either imbed the discontinuous approach of the cohesive crack model into the continuum 
formulation of the classical finite element method, thus avoiding the fastidious introduction of 
strain-softening interface elements. 
- Or enrich the continuum formulation of the crack band model by resorting to regularisation 
methods. 
Inner softening band model 
The inability of the inter-element discrete crack approach to predict the path of fracture 
prompted researchers to investigate the possibility of imbedding the discontinuous cracking 
displacement field within the elements. This is achieved by adding to the traditional finite 
element formulation a shape function including a jump discontinuity, which models an intra- 
element crack. The constitutive relationship is then expressed in term of stress and relative 
displacement as in the discrete crack approach. 
This model originated with the modelling of shear bands in meta164'6s The concept was then 
applied to concrete at the Lulea University of Technology where it was defined as the inner 
softening band mode166.68. In this model, the initial orientation of cracking is determined by the 
maximum principal stress. Subsequent rotation of the crack upon principal axis rotation is 
controlled by a parameter ý, with ý=O corresponding to the fixed crack concept, while 
c=l 
corresponds to the rotating crack concept. 
The objectivity of the inner softening band model upon mesh refinement was shown, 
however 
the sensitivity of the mesh alignment remains a problem, even though 
it is not as pronounced as 
in the crack band model. 
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Enriched continuum models 
An alternative solution is to maintain the crack band formulation but enriched with a 
regularisation procedure. Several regularisation procedures exist. Although they are very 
different in their formulation, they are all based on the introduction of an additional material 
parameter, namely an internal length scale. 
The aim of the regularisation is to restore the well-posedness of the rate boundary value 
problem, thus remedying to the spurious mesh dependency and the localisation indeterminacy. 
The well-posedness of the boundary problem relies on three conditions. The first one is that the 
ellipticity of the equilibrium rate equation is maintained throughout the computation. The loss 
of ellipticity corresponds to the condition: 
det(njDlýk! nl)= 0 (Eq. 2-88) 
where D is the material tangential stiffness matrix and n the vector normal to the boundary. 
For dynamic problems, this condition prevents the existence of spurious plane acceleration 
waves. The second condition is a boundary complementing condition excluding the emergence 
of stationary waves. The third condition is an interfacial complementing condition excluding the 
emergence of stationary interfacial waves. 
The most commonly used regularisation method is the non-local continuum approach originally 
conceived for elastic material69. In this approach, the loss of ellipticity of the rate boundary 
value problem is remedied by using a non-local definition of the internal softening variable. 
While stresses and strains remain local variables, the value of the internal softening variable 
defined at a given point depends on the state of the material in the vicinity of this point. This 
can be understood mathematically as a localisation limiter, preventing the energy dissipation to 
vanish in a zone of zero volume upon mesh refinement. 
It can as well be understood physically 
as a way to model the interaction that exists 
between the microcracks. The formation or growth 
of one microcrack either promotes or 
inhibits the formation or growth of cracks at a distance 
(e. g. shielding effect). 
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Non-local models can be based on a plasticity or a damage formulation. The most common 
model is the scalar damage model developed by Bazant and Pijaudier-Cabot (1988)70. This 
model is an elasticity based model relying on a total stress-strain formulation: 
a= (l - Q)C -e (Eq. 2-89) 
where a and E are local tensors and S2 is a non-local damage parameter controlling 
strain-softening. 
12 is defined using a spatial averaging method: 
Q (x) =1kg (s - x) . w(s) .dV V, W 
where co is the local damage, 
Vr fg(s_x)"Civ 
and g(s-x) is a weight function generally chosen as a Gaussian distribution: 
2 
g(r) = exp -k lr ch 
(Eq. 2-90) 
(Eq. 2-91) 
(Eq. 2-92) 
loh is assumed to be a material characteristic length with the same order of magnitude as the 
material inhomogeneities. Experiences carried out by Bazant and Pijaudier-Cabot (1989)7' using 
unlocalised tension specimens showed that 1ch = 2.7 "d agg 
for concrete. 
An indirect method to unlocalise the formulation of the crack band model is to render the 
internal softening variable dependent on the gradient of the strain field. Such a formulation can 
be derived from the nonlocal model by expanding the strain field in the neighbourhood of a 
point into a Taylor series where the strain distribution in the vicinity of the point is 
approximated by the spatial partial derivatives of the strain tensor. A unidirectional formulation 
reduces to: 
E +-g s2 a2 a2ý (x) = E(x) +j (s) 21 ds = e(x)+ IT axe 
(x) 
where ?, is the characteristic length. 
In a plasticity based model, E can be used as the internal variable in lieu of E. 
(Eq. 2-93) 
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These models are called grade-n continua (n corresponding to the degree of the Taylor 
expansion), or gradient models. This method results in the same regularised continuum 
formulation as the non-local approach. However, gradient plasticity has the distinct advantage 
that the consistency condition now yields a partial differential equation instead of an integro- 
differential equation. 
The grade-n continuum approach can be considered as a generalisation of Cosserat's couple 
stress continuum or Eringen's micropolar elasticity. These methods were considered to be an 
alternative to achieve regularisation of the boundary value problem, but they have been 
superseded by fully non-local or high-gradient models, and will not be presented in here. 
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2.4. Non-linear Solution Techniques 
When fracturing material models coupled with robust iterative solution procedures were 
introduced in non-linear finite element codes, it was expected ultimately that cracking patterns 
and failure mechanisms of reinforced concrete structures could be systematically simulated. 
However, after more than two decades of continuing refinement of the numerical techniques, 
calculations are repeatedly reported to be unstable and convergence is often lost before the 
failure mechanism is engaged. This can often be accounted for by the existence of singular 
points along the equilibrium path. At these points the customary continuation methods fail. 
More advanced numerical techniques based on bifurcation theory need to be implemented to 
continue the simulation past the singular point'' 
In non-linear static analysis, a singular point is characterised by the tangential stiffness matrix of 
the structure, K, becoming singular. This means that in the vicinity of a singular point, K, -' is 
ill-conditioned, and the convergence of the iterative method is lost. In order to solve this 
difficulty, two qualitatively different cases must be distinguished: limit points and bifurcation 
points. A limit point corresponds to a maximum in the load-displacement space along a single 
equilibrium path, and can be easily dealt with using indirect displacement control or the arc- 
length method73-75. On the other hand, a bifurcation point corresponds to a branch point, from 
which several alternative equilibrium paths emerge, and its investigation is generally not 
straightforward. 
Much research has been devoted to the local bifurcation problem originating from the 
formulation of the material model for smeared cracking. This can be explained by the inability 
of the model to predict, in the case of a uniform stress 
field, how localised a crack band will be. 
The cracking point is thus a bifurcation point, after which each possible combination of crack 
band localisation constitutes an alternative equilibrium path. The solution to this problem 
is to 
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have recourse to an enriched continuum formulation, or to the discrete crack model. 
Comparatively, little effort has been devoted to the more fundamental structural bifurcation 
problem. For this type of bifurcation, the alternative paths correspond to alternative softening 
mechanisms of the structure. Similarly to buckling, each softening mechanism leads to a 
different failure load and a different failure mode. This is the reason why it is crucial for design 
to make sure that every alternative path has been traced. This can be achieved using numerical 
bifurcation methods72'76 
In this chapter, the customary continuation techniques will first be introduced. Then the 
mathematical definition of singular points will be provided along with a control method to deal 
with limit points, namely the arc-length method, presented as an extension of the Newton- 
Raphson continuation scheme. Eventually, the bifurcation theory is introduced theoretically, 
followed by an example of structural bifurcation. 
2.4.1. Continuation techniques 
In finite element analysis, equilibrium and compatibility are enforced by the fundamental 
equation: 
Ksu-A. q=0 
where 
KS is the secant stiffness matrix (dimension nx n) 
u is the displacement vector (dimension n) 
A is the load factor (scalar) 
and q is the nominal load vector (dimension n) 
(Eq. 2-94) 
In the case of material non-linearity, K, the tangential stiffness matrix 
is a function of u 
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and the loading history. The incremental equilibrium is iteratively enforced by minimising the 
out-of-balance forces, g(x), given by: 
g(x) =K1Au-A2q 
where 
Au is the incremental displacement 
AA is the incremental load factor 
and x=U is the augmented variable vector 
Minimising g(x) can be achieved using several iterative procedures: 
- The linear stiffness method 
- The quasi-Newton method 
- And the Newton-Raphson Method 
Linear stiffness method: 
(Eq. 2-95) 
The linear method uses a constant stiffness matrix throughout the iterative process. This method 
potentially has the slowest convergence, but it costs the least time per iteration since the 
stiffness matrix needs to be set up only once. The linear stiffness method is usually very robust. 
Using the foregoing notation, the iterative scheme can be formulated as follows: 
ul+, = U. +6u; 
with 
5; = -K( . g(x 
) 
(Eq. 2-96) 
(Eq. 2-97) 
A one-dimensional representation of the linear stiffness method is presented in Fig. 2-26. 
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Load, f 
displacement, u 
Fig. 2-26: Linear stiffness iterative method 
Load, f 
displacement, u 
Fig. 2-27: Quasi-Newton iterative method 
Quasi-Newton method: 
The quasi-Newton method uses the information of previous solution vectors and out-of-balance 
force vectors during the increment to achieve a better approximation. The updated stiffness 
matrix is determined from the known positions on the equilibrium path. 
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Several quasi-Newton relations are available. The most common is the Broyden method, which 
writes: 
For the first iteration : 
u, = u0 + ztt uo 
(Eq. 2-98) 
followed by the iterative scheme: 
u, +I = u; + 
6u; 
(Eq. 2-99) 
with 
(Eq. 2-100) 
and 
1 \i-1 - 
Kr+ig\'ýi 
// 
ýu 
IV ; 
ýI 
(Eq. 2-10]) K; =V+ ýjýT (l 
and preparing the next step after convergence : 
E 2-102) 
.un-K, 
-'"q (q. 
Alternative solutions are the Broyden-Fletcher-Godfarb-Shanno (BFGS) method and the 
Crisfield method. Both of them use a different definition for the iterative stiffness matrix K, ', . 
Load, f 
Fig. 2-28: Regular Newton-Raphson iterative method 
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displacement, u 
Newton-Raphson Method 
In the Newton-Raphson method, the stiffness matrix is updated at each iteration. This means 
that the prediction is based on the last known or predicted state, even if this is not an 
equilibrium state. The regular Newton-Raphson method, yields a quadratic convergence, i. e. the 
methods converges to the final solution within only a few iterations compared to the two other 
methods. A disadvantage of the method is that the stiffness matrix needs to be set up at every 
iteration and that the time consuming decomposition of the matrix needs to be repeated at every 
iteration as well. Moreover, if the initial prediction is far from an equilibrium state, the method 
easily fails because of divergence. 
The formulation of the customary Newton-Raphson continuation technique is as follows: 
For the first iteration : 
ul = uo + AA. uo (Eq. 2-103) 
followed by the iterative scheme: 
ui+I = u; + 8u; (Eq. 2-104) 
with 
i= -KI(xý; )"9(x, 
) (Eq. 2-105) 
and preparing the next step after convergence : 
(Eq. 2-106) 
, 
un - Ký 
It should be noted that this method is only valid when 
KK is not singular. 
2.4.2. Singular points 
Singular points in non-linear finite element analysis 
By definition, x* is a singular point 
if Kr is singular. This means that, at x*, K, -' does not exist 
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and K, has an eigen-vector eo of zero eigen-value. It can then be deduced from the incremental 
equilibrium equation: 
AuTK, eo-A/1"gTeo=0 
. ". 
AA qT eo =0 at x* 
Two different cases can be distinguished: 
Case 1- (Eq. 2-108) is satisfied by: 
A%=0 and gTeo #0 
(Eq. 2-107) 
(Eq. 2-108) 
(Eq. 2-109) 
Ani =0 around x* means that x* is a local maximum on the load-deflection curve. This 
corresponds to the physical definition of a limit point. From the condition 2, =0 and the 
differential equilibrium equation K,. u- A.. q = 0, it can be deduced that eo and u have the 
same direction, i. e. the eigen-mode corresponds to the differential displacement field at x*. 
Case 2- (Eq. 2-108) is satisfied by: 
AA# 0 and gTeo =0 (Eq. 2-110) 
From gT. eo =0 it can be deduced that qE range( Kt ). Therefore the rank of the augmented 
matrix [K1 - q] is equal to (n - 1), i. e. whatever column is eliminated from this matrix, the 
determinant will still be zero. 
This can be translated physically into: whatever the control provided (load or displacement 
control), the solution to the incremental equilibrium equation remains non-unique at x*. This 
fundamental loss of uniqueness can be interpreted as the existence of several alternative paths 
emanating from x*. This corresponds to the physical definition of a bifurcation point. 
q. It can be noticed from qT eo =0 that the eigen-mode, eo, produces no work under 
65 
Continuation over limit points 
Since the bifurcation algorithm to be presented in section 2.4.3 is a development of the 
arc-length method, the main concepts will be introduced here by showing how the use of the 
arc-length method allows the continuation over limit points. 
K, being singular at the limit point x*, a bordered stiffness matrix, G(x), is built, where: 
Kt -q 
G(x) - T (Eq. 2-111) u 
It will now be shown that G is not singular. 
From (Eq. 2-109) it is deduced that q range( Kt ), i. e. the rank of the augmented matrix 
[Kt 
- q] is equal to n. 
The differential equilibrium equation can be rewritten as: 
" (Eq. 2-112) [K, 
-ql x=0 
with X= u the normalised branch direction vector 
x 
From (Eq. 2-112) it can be deduced that rank(G) = n+l. Therefore G is not singular and G-' 
exists at x*. An iterative method, similar to the Newton-Raphson technique, can then be 
implemented using G instead of K. This method is called arc-length continuation. The name is 
due to the extra equation introduced which constrains the arc-length of the incremental step to a 
prescribed value. 
A variant is the pseudo arc-length continuation method based on the equilibrium equation and a 
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simplified incremental pseudo arc-length constraint: 
g (x) =0 (Eq. 2-113) 
Ax. x= As (Eq. 2-114) 
with As a prescribed arc-length 
Newton-Raphson iterative scheme is then rewritten: 
For the first iteration 
. 
xi = xo + As. X0 (Eq. 2-115) 
then 
Xi+l = Xi +, 5x i 
(Eq. 2-116) 
with 
g(xi) I Sx; _ -G- (xi) T (Eq. 2-117) AXT 
. x, - 
As 
Ax, 
+i = x, +i - X0 (Eq. 2-118) 
0 
" (Eq. 2-119) 
o 
I 
In the case of materials that fracture, the source of non-linearity, i. e. the set of cracks, is highly 
localised. The arc-length method is made more efficient if only the degrees of freedom 
displaying non-linearity are selected in the arc-length norm. 
2.4.3. Bifurcation analysis 
A bifurcation is a point where several equilibrium paths meet. The branch traced before 
reaching the bifurcation point is termed the fundamental path. This path usually extends 
continuously beyond the bifurcation point. 
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The branch that intersects the fundamental path is called the bifurcated path. In the general case, 
it is possible to trace the bifurcated branch in both directions from the bifurcation point. But it is 
possible for a fracturing material model, that only one side of the bifurcated branch exists due to 
the irreversible nature of fracture. 
If the continuation method does not fail at the bifurcation point, the simulation usually continues 
on the fundamental path since the Newton-Raphson prediction assumes that the slope of the 
equilibrium path is continuous. Unfortunately, the fundamental path is not guaranteed to be the 
relevant one. In the common case where the bifurcation represents an alternative between a 
symmetric and a symmetry-breaking solution, the fundamental path (i. e. the symmetric solution) 
is always spurious. 
As shown in section 2.4.2 from (Eq. 2-110), bifurcation is associated with a fundamental loss of 
uniqueness for the equilibrium equation. This singularity is opposed to the deterministic basis of 
mechanics and is due to the fact that the structure is modelled as being perfect. In the physical 
world, structures are never perfect, nor are the boundary and loading conditions. Bifurcation 
theory shows that, when imperfections are introduced in the model, the bifurcation point 
disappears, transforming the two intersecting branches into two distinct branches. This is called 
bifurcation unfolding, Fig. 2-29. 
load 
fundamental 
path 
119 
bifurcated 
path 
displacement 
a- Perfect structure b- Imperfect structure 
Fig. 2-29: Bifurcation unfolding. 
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displacement 
Consequently, a full bifurcation analysis can be avoided by introducing imperfections into the 
model. However, when the two sides of the bifurcated branch are not identical (i. e. non- 
symmetric bifurcation), or when multiple bifurcated branches emerge from a single bifurcation 
point, the result of bifurcation unfolding may vary depending on the imperfection introduced. 
That is the reason why a complete bifurcation analysis carried out on the perfect model is 
desirable. 
Bifurcation Point Detection 
The first step in bifurcation analysis is to detect the presence of a bifurcation point. No 
bifurcation point should be passed unnoticed. 
To that end, specific test functions can be designed. These functions have the properties that 
they change sign at the bifurcation point and they are continuous enough around it. Ideally, the 
determinant of the matrix G could be used as a test function. However, to save computing time, 
more readily accessible values are usually chosen, depending on the numerical method used to 
decompose G (see Seydel 198876). 
Once a bifurcation point has been detected between two converged states, its precise position 
can be determined by using a bisection or secant iteration scheme. These methods require many 
equilibrium points to be found around the bifurcation point. Alternatively, a less costly method 
. using non-converged states has been designed by Crisfield 
(1994)77 
If a less precise determination of the bifurcation point is sought, the monitoring of the number 
of negative pivots obtained from the decomposition of the stiffness matrix is often used. When 
this method is adopted, it is important to implement, at the same time, an algorithm 
distinguishing between limit points and bifurcation points, since both of them produce negative 
pivots. However, this is impracticable when a limit point and a 
bifurcation point lay very close 
to each other, which is common for fracturing material models. 
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Branch Switching Algorithms 
The inertia of the continuation technique means that the simulation, if not too unstable to 
converge, automatically goes past the bifurcation and stays on the fundamental branch. In order 
to trace the other branches emerging from the bifurcation point, a branch switching algorithm 
needs to be implemented. The aim is to inject, at the bifurcation point, a perturbation in the 
displacement field so that the continuation method changes the equilibrium path. 
To that end, the initial direction vector of the bifurcated branch, rp *, needs to be determined. 
The exact determination of ýo * is theoretically possible using differentials of the tangent 
stiffness matrix, which are higher order terms than the ones traditionally required for static finite 
element analysis. However, the exact determination of ýp * is generally not necessary. A 
perturbation vector close to rp * is sufficient to reroute the continuation. 
q (p *, similarly to x, satisfies the differential equilibrium equation: 
[K, 
-ý ýp* =0 
KT 
Therefore rp * and x belong to the null space of 
_ 
`T 
q 
It has been shown that the rank of the augmented matrix 
[K, 
- q] is equal to (n - 1), i. e. there 
are two vectors q and q so that the null space of 
KT 
T 
is defined by span((p,, q). Therefore 
_q 
ýp * can be written as a linear combination of rp, and q: rp 
*=a. gyp, + ß. . 
If x is chosen for gyp,, and q2 
is chosen orthogonal to x, then 42 belongs to the null space of 
T K'T u, and 0 is easily obtained as the eigen-vector of 
the zero eigen-value of the square 
-q ý, 
matrix G evaluated at the 
bifurcation point. 
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Instead of calculating the exact direction of qo *, that is a and /3,0 only is injected in the first 
continuation step of the bifurcated branch. Thus the pseudo-arc length continuation method with 
the branch switching algorithm has the following formulation: 
For the first iteration 
X1= X0 + Os4 2 (Eq. 2-120) 
then the iterative scheme based on : 
g(x) =0 (Eq. 2-121) 
Ox. (p2 = As (Eq. 2-122) 
Another method, proposed by de Borst (1987)78, consists of considering the displacement 
vector, u, instead of the augmented variable vector, x. 
From the differential equilibrium equation it can be shown that the differential displacement 
vector of the bifurcated path, uZ, is a linear combination of u and eo, with u, the differential 
displacement vector of the fundamental path and eo, the eigen-vector of zero eigen-value of K,. 
The perturbation vector, u *, injected in the continuation scheme is built from u and eo so that it 
is orthogonal to u. 
The two methods are very similar. The formulation of the first one is however more general 
than the second one and should be preferred when used in conjunction with the pseudo- 
arclength method. 
Criterion for Identifying the Relevant Path 
Once all the potential equilibrium paths are determined, a criterion is required to identify the 
relevant path. The problem can be divided into two questions: (1) Which are the paths 
spuriously introduced by the inadequacy of the model to describe physical reality? (2) Amongst 
the physically acceptable paths, which is the one that should be regarded as the actual failure 
mode? 
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As a rule, if a branch cannot be reached using a model with imperfections, then this branch will 
not be followed by a real structure and it should be considered as a spurious behaviour 
introduced by the use of a perfect model. This is always the case for the fundamental path, past 
the bifurcation point. This means that only the bifurcated paths can be considered as physically 
acceptable. 
As explained in the introduction to this section, the presence of imperfections can unfold the 
bifurcation on any of the bifurcated branches, depending on the geometry of the imperfections. 
It can be observed in the simulations that concentration of the imperfections on one side of the 
structure will induce one failure mechanism, while concentration of the imperfections on 
another side will induce a different failure mechanism. It could therefore be concluded that each 
of the bifurcated paths has, in practice, an equal chance of being followed. Consequently, for 
design purposes, the most adverse case should be chosen. 
However, one can argue that the concentrated imperfection patterns are purposely introduced in 
the model to cause such and such effect, and that they are very unlikely to arise in practice, as 
actual material imperfection fields are randomly distributed. Moreover, it should not be 
overlooked that some bifurcated branches are much more sensitive to imperfections than others. 
For example, in the case of a non-symmetric bifurcation with the alternative between a 
softening and a hardening path, the bifurcation will be much more likely to unfold on the 
softening branch (i. e. catastrophic failure mode), than on the hardening branch (progressive 
failure). 
To determine the most likely path, Bazant (1988 and 1991)31'79 designed an energy-based 
criterion using the second law of thermodynamics, in the form stated in 1875 by Willard Gibbs: 
every system approaches equilibrium in such a manner that the internally produced entropy, 
OS;,,, is maximised, among all reachable states. In the case of the simulation of concrete 
structures, the internal entropy 
is produced by cracking. In a finite element approach, OS;  can 
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be assessed from the second-order work (see Bazant 1988)79): 
T. AS;;, =- 2 Au. K` . 
L\u for displacement control, 
where T is the temperature in °K 
K` is the tangential stiffness matrix of the structure in the direction of path (i) 
Au is a prescribed displacement step 
and T . 
OS;,, _ '-z Oq. C ` . 
Oq for load control, 
with Cthe tangential compliance matrix of the structure in the direction of path (i) 
Oq a prescribed load step 
This criterion is particularly useful in material bifurcation, as it tends to choose the most 
localised solution. For structural bifurcation, the criterion will choose the mode of failure for 
which cracking is the most extensive in regard to the same step of the control parameter. Bazant 
showed that for a structure with a single load or a single control parameter, applying the 
criterion is equivalent to choosing the bifurcated path with either the smallest rising slope, the 
steepest softening slope or the most dramatic snap-back, in the load-displacement diagram. It is 
noted that these generally constitute the most adverse cases for design. 
2.4.4. Symmetric bifurcation in a notched direct tension test 
It will now be shown, using a plain concrete specimen, how structural bifurcation arises 
naturally in the non-linear simulation of softening material, even for very simple structures. 
Description of the Test and Experimental Results 
It has been noticed by others ( Hordijk 198780, Rots and de Borst 198981) that the direct-tension 
test, carried out on notched bars of plain concrete, displays a structural behaviour. In the 
following this behaviour is identified as a structural bifurcation. 
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The test was initially designed to investigate the softening behaviour of cracking concrete. This 
behaviour is known as strain-softening and is assumed to be a material characteristic. The test 
consists of subjecting a notched prism of plain concrete to a direct tensile load. It was expected 
that the structural response of such a simple specimen would directly provide the material 
constitutive law. However, it has been observed experimentally that the deformations are often 
not uniform over the cross-section, suggesting that a structural behaviour is occurring. 
A detailed experimental investigation of the phenomenon revealed that, if the specimen is long 
enough, or if the extremities of the specimen are not constrained in rotation, a rotation with its 
axis orthogonal to the axis of the specimen will automatically arise, shortly after the onset of 
cracking. Thus, if the cracked cross-section is allowed to rotate, a symmetry-breaking 
displacement field replaces the initial symmetric type of cracking. 
It is easy to see that continuing symmetric cracking constitutes an acceptable equilibrium 
solution. Therefore, the symmetry-breaking solution constitutes an alternative equilibrium path 
that must originate from a bifurcation point. Moreover, the bifurcated behaviour being similar 
whatever the sign of the rotation, we are in presence of a symmetric bifurcation. 
Finite Element Model and Bifurcation Unfolding 
In the first approach to simulate bifurcation, an accurate finite element model along with a 
simple bifurcation analysis method, i. e. bifurcation unfolding, has been used. 
The specimen chosen is a prism of 205x100x50 mm3. Two symmetric notches of 20 mm deep 
are inserted at mid-length. The upper extremity is left freely rotating and subjected to an evenly 
distributed tensile load. The lower extremity is built-in. 
The 2D model developed is meshed with 812 quadrilateral 4-noded plane stress elements (Fig. 
2-30-a). The material model is linear elastic, except for the twelve elements between the notches 
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for which smeared cracking is used. The material constants chosen are characteristic of concrete 
(Youngs modulus E=25 GPa, tensile strength ff=4 MPa and fracture energy G=80 J/m2). The 
exponential strain-softening curve from Hordijk (1992)16 has been adopted for post-cracking 
material behaviour. 
a) Mesh and loading b) Elastic deformations c) Symmetric cracking d) Asymmetric cracking 
fundamental path bifurcated path 
Fig. 2-30: Finite element analysis of the notched direct tension test 
The continuation analysis was carried out using the regular Newton-Raphson technique with the 
pseudo-arc length method. The range of the norm used for the arc-length was reduced to four 
crack mouth opening displacements measured at four points evenly distributed along the 
cracked cross-section. In total, 30 steps were carried out. 
First, the simulation was performed on the perfect structure (perfectly symmetric specimen and 
boundary conditions). As expected the simulation continued all the way on the fundamental 
path, displaying symmetric deformations only. The deformed shapes of the elastic deformations 
and of the symmetrically cracked deformations are given respectively in Fig. 2-30-b and Fig. 
2-30-c. Monitoring the appearance of negative pivots in the decomposition of the stiffness 
matrix indicated the presence of a bifurcation point at the 8 
`h step, at a load level of 11 kN (a 
negative pivot appeared along a rising branch). When the analysis reached the limit point (17th 
steps, 1 1.6 kN), a second negative pivot appeared alongside the 
first one. The second negative 
pivot corresponds to the negative slope of the softening 
behaviour, Fig. 2-31. 
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In order to trace the bifurcated path signalled by the first negative pivot observed in the previous 
analysis, an imperfection was introduced in the structure in the form of a slightly weaker 
cracking strength in one element, on one side only of the specimen. The original cracking 
strength was reduced by 1 percent. This resulted in unfolding the bifurcation. As expected, no 
negative pivot was observed along the rising branch. The negative pivot corresponding to the 
limit point arose at the lower load level of 11.1 kN. This analysis produced a symmetry- 
breaking solution, Fig. 2-30-d and Fig. 2-31 to Fig. 2-33. The rotation obtained, Fig. 2-32, is 
identical to the behaviour observed experimentally 16,8' 
In this simple case, the determination of the physical path is immediate. The fundamental path is 
not physical as the slightest imperfection directs the simulation on either of the two bifurcated 
branches. Then, the bifurcation being symmetric, the structure is equally likely to rotate in any 
of the two directions. It can be noticed that Bazant's criterion applies here. If the single control 
parameter version of the criterion is considered, then it is possible to check that the physical 
branch is the one with the steepest softening slope in the load-extremity displacement diagram, 
that is the bifurcated branch. 
Symmetric Direct Tension Test 
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Fig. 2-31: Load-displacement diagram obtained from finite element analysis 
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Fig. 2-32: Load-rotation diagram obtained from finite element analysis 
Symmetric Direct Tension Test 
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Fig. 2-33: Load-crack opening diagram obtained from finite element analysis 
Simplified Kinematic model and Branch Switching 
It is common sense to assume that a complex behaviour like the bifurcation described above can 
only be simulated using a complex model. However, it will be shown in the following that, 
when non-linearity is introduced, complex behaviours can spring up even from very simple 
mathematical models. 
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i" 
Fig. 2-34: Schematic drawing of the 2 DOF kinematic model 
A simplified kinematic model of the same specimen, with only 2 degrees of freedom (DOF) has 
been designed, Fig. 2-34. The first DOF is the longitudinal displacement, u. The second DOF is 
the bifurcation variable, i. e. the rotation, 0. The two corresponding equilibrium equations 
written are: equilibrium of the vertical forces and equilibrium of the in-plane moments. 
Only half the length of the specimen was modelled. The bulk of the concrete prism is assumed 
to deform longitudinally only and is modelled by a single linear spring with a stiffness deduced 
using E=25 GPa. The cracking interface is modelled by four non-linear springs. The load- 
displacement curve chosen for these springs has been built from the same exponential strain- 
softening curve than the one used for the finite element model (with ff=4 MPa and G=80 J/m2). 
However, since progressive cracking was not allowed with this lumped approach, the cut-off 
peak of the curve was smoothed using a parabolic curve. The cracking strength of the side 
springs was reduced by 25 percent to account for stress concentration 
due to the notches. 
The simulation was carried out using the pseudo-arclength and the 
bifurcation analysis 
techniques described in section 2.4.3, including bifurcation point 
detection and branch 
switching. The whole non-linear analysis was 
driven automatically by the software 
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Symmetric Direct Tension Test -2 DOF Model 
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Fig. 2-35: Load-displacement obtained from 2 DOF model 
Symmetric Direct Tension Test -2 DOF Model 
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Fig. 2-36: Load-rotation diagram obtained from 2 DOF model 
Symmetric Direct Tension Test -2 DOF Model 
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Fig. 2-37: Load-crack opening diagram obtained from 2 DOF model 
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AUTO72. A total of 300 steps were carried out on the fundamental path, and an extra 300 on the 
bifurcated branch. 
The bifurcation point is automatically detected at a load level of 11.4 kN. The fundamental path 
is traced, with a limit point at 11.9 kN. Then the simulation is restarted automatically from the 
bifurcation point and, using the branch switching algorithm, the two bifurcated branches are 
traced, both with a limit point at 11.7 kN, Fig. 2-35. 
The results of this simplified model compare well with the results from the finite element 
model, Fig. 2-35 to Fig. 2-37. The use of few-degree-of-freedom models allows the bifurcation 
analysis to be carried out in a reasonable amount of time. It shows that it can be advantageous, 
when tackling structural bifurcation problems, to make use of a simplified model in conjunction 
with powerful bifurcation analysis algorithms, since the core of the problem is not the exact 
determination of the structural strength, but rather the identification of the critical failure mode. 
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3. FRACTURE MECHANICS OF BOND 
IN REINFORCED CONCRETE 
Predicting the response of reinforced concrete structures requires: (1) stable and robust 
computational methods which are able to trace the non-linear behaviour up to failure and 
beyond, (2) reliable constitutive models for steel and concrete, and (3) a physically sound model 
for the steel-to-concrete bond mechanism. 
Much has been achieved in recent years in the field of numerical techniques for non-linear 
analysis to satisfy the first and the second requirement, as has been discussed in Chapter 2. 
However steel-to-concrete bond models have not undergone such a rationalisation. Although 
bond has been investigated since the birth of reinforced concrete, empirical models are still in 
general use today. 
This chapter aims at gaining a better understanding of the bond mechanism in reinforced 
concrete using a three-step approach: 
- identify the cracking mechanisms 
involved in bond by carrying out a phenomenological 
investigation, 
- review the existing 
bond models, 
- and understand the evolution of 
the load-carrying mechanisms, using a realistic finite 
element model and a simplified fracture mechanics model. 
3.1. Phenomenological Approach 
Considere82, in 1899, observed the tensile response of steel wires encased 
in mortar. This was to 
be the first of a type of experiment, which 
has become standard for the study of bond properties 
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and is now known as the tension test. The most significant contributions to understanding bond 
using tension test are Lutz and Gergely83 (1967), Bresler and Bertero84 (1968), Goto85 (1971), 
Nilson86 (1972), Soretz and Hölzenbein87 (1979), Mirza and Houde88 (1979), and more recently 
Mitchell and Abrishami89 (1996). Tepfers90 (1979) and Noghabai'9 (1998) designed a modified 
version of the test using a shorter specimen in order to study more precisely the splitting effect. 
The tests show that even after transverse cracks have appeared, the stiffness of the tension 
specimen is still higher than the steel bar alone. This is because, between adjacent cracks, tensile 
forces are transmitted from the steel to the surrounding concrete by bond stresses. One of the 
early models of this behaviour assumes that the contribution of the concrete could be considered 
as an increase of the steel bar stiffness. This has led to a number of empirical models for 
"tension stiffening" (see for example CEB-FIP Model Code 905 § 3.2. ). The actual cracking 
mechanism is not considered in this type of model. 
A better insight into the phenomenon of bond was gained when Goto85 (1971) described the 
cracks appearing within a tension specimen, Fig. 3-1. Four crack patterns were identified: 
- conical cracks radiating from the ribs of the steel bar, responsible 
for softening of the 
interface region and subsequent bond-slip, 
- secondary crack developing from certain conical cracks, reaching out 
for the concrete 
surface and producing local transverse cracks, 
- transverse (or primary) cracks normal to the 
bar axis, visible on the sides of the specimen, 
- and splitting 
(or longitudinal) cracks in the plane of the bar axis, initiating at the face of the 
transverse cracks or at the specimen ends, and resulting locally in a total 
loss of bond. 
a) Conical cracks 
b) Transverse or secondary crack c) Splitting cracks 
and conical cracks 
Fig. 3-1: Cracking mechanisms in tension tests 
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Up to date, the prediction of the average spacing of the transverse cracks has been empirical 
(see CEB-FIP Model Code 905 § 3.2.2. and § 7.4.3. ). The main controlling parameter has been 
shown to be the bar diameter. It is important to note that the actual spacing, normally between 
Lrax and 2 Lmax, where Lex is the length over which slip between steel and concrete occurs5, is 
typically subject to a large amount of scatter. 
Transverse crack 
Tension Forces Steel Bond 
specimen on bar stress stress 
a) Uncracked Specimen 
Tension Forces Steel Bond 
specimen on bar stress stress 
b) Specimen Cracked in Mixed Mode 
Fig. 3-2: Distribution of stresses along the steel bar for uncracked and cracked specimen 
(adapted from Mitchell and Abrishami)9 
The fracture mechanics of the conical cracks is complex, and no reliable physical model has yet 
been developed. It has been shown by Soretz87 (1979) and by Darwin9' (1993) that the 
orientation, the distribution and the softening behaviour of conical crack depends on a number 
of parameters including the rib geometry (spacing, height, and rib pattern), the 
bar diameter, the 
proximity of other bars (longitudinal or transversal) and the concrete cover. 
In order to understand the phenomena involved, the 
behaviour of the specimen under increasing 
load, Fig. 3-1 and Fig. 3-2, is considered. At the onset of loading, the specimen behaves 
elastically. Load is transmitted 
from the reinforcement to the concrete through a short transfer 
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length, which has locally high bond stresses. The load transferred to concrete is rapidly 
distributed to the whole concrete cross-section and the two materials act compositely. At a 
relatively low load level, the stress concentration induced by the presence of the ribs on the bar 
leads to the formation of conical cracks, first near the specimen end-face and then progressively 
along the bar. This results in an extension of the transfer length, local softening of the steel-to- 
concrete interface which accounts for the bond-slip, and formation of a comb-like structure, 
transmitting bond by a tapered spoke-hoop system (Goto85 1971). According to Tepfers, 90 local 
tensile hoop stresses are responsible for the onset of splitting. After the formation of the conical 
cracks, three main scenarios are possible. 
In the first scenario, the longitudinal stress at some location in the concrete exceeds the tensile 
strength and transverse cracking occurs, localising at one or more cross-sections. At each of the 
faces of these cracks, a new set of conical cracks, identical to those at the extremities, appears. 
The maximum spacing of the transverse cracks is typically less than twice the transfer length. 
Therefore, full transfer is not achieved, and a smaller proportion of the load is transmitted to the 
concrete, which leads to a softening of the load-displacement relationship. This has the effect of 
reducing the concrete longitudinal stress to below the tensile strength. It is only after further 
loading that new transverse cracks, with a closer spacing, may appear. 
In the second scenario, the crack initiated in front of the first rib becomes unstable before the 
tensile strength is reached elsewhere in the concrete cross-section, and develops into a splitting 
crack. At this load level, the structure becomes unstable. The splitting 
front advances quickly, 
destroying the steel-to-concrete bond. Secondary transverse cracks are usually observed along 
the path of the splitting crack. These can be considered as the ultimate state of conical cracks, 
which have eventually surfaced. This is consistent with 
Goto's observations. 
In the third scenario, both transverse cracking and splitting occur, either simultaneously or one 
after the other. Thus any model should adopt 
initiation conditions for both transverse cracking 
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and splitting that do not prevent one starting if the other is already in progress. However, it 
should be noted that the two mechanisms are coupled, since in practice the splitting crack may 
be arrested by a transverse crack, which is on its path, or transverse cracking may be slowed 
down by structural softening due to splitting. 
From this physical description of the phenomenon, it is possible to identify the components 
required for a physically sound model. Along the length of the specimen, cross-sections 
exhibiting different types of behaviour have been distinguished. These are: (1) cross-sections 
where splitting is present, that is where the steel takes all the load, (2) cross-sections within the 
transfer length, where bond-slip has occurred and where part only of the concrete section is 
loaded, (3) cross-sections beyond the transfer length, where plane cross-sections are assumed to 
remain plane, and (4) cross-sections within the crack-band-width of a transverse crack, where 
the concrete is softening. The basic requirement of a bond model is that the steel bar and the 
concrete cross-section act in parallel with a connection through their interface. 
3.2. Review of Existing Models 
Three approaches have been used by researchers to attempt to model steel-to-concrete bond. 
The first approach is empirical. Characteristic behaviour is described by parameterised 
empirical laws. In this type of approach, the actual cracking mechanisms 
involved are ignored. 
No understanding of the physical phenomena can be gained from empirical models. 
On the 
contrary, in the analytical approaches, information from phenomenological 
investigations is 
used to build a physically meaningful model. Bond-slip 
behaviour and ultimate strength are 
derived analytically. Eventually, in the last approach, general simulation of the physical 
phenomenon can be achieved using 
finite element methods. Finite element analyses provide a 
useful physical insight 
into the phenomenon investigated, thus complementing experimental 
observation and enhancing our understanding. 
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3.2.1. Empirical laws 
Tension stiffening models 
The first attempts to devise a bond-slip model looked at the structural load-displacement 
behaviour. It was observed, from tension tests, that the stiffness of reinforced concrete moves 
from that of the full composite action towards the stiffness of the steel bar alone which occurs 
after extensive cracking of concrete. Four regimes were identified. The quasi-linear, the crack 
formation stage, the stabilised cracking regime and the steel yielding phase. Each regime is 
generally modelled by a linear curve. The empirical law is thus completely defined by the 
parametrised coordinates of the vertices of the multi-linear load-displacement diagram, Fig. 3-3. 
Such load-versus-elongation responses are called tension-stiffening models. A typical example 
is the tension-stiffening curve provided by the CEB Model Code 19905. In the following, a steel 
bar is assumed to influence an equivalent area of concrete A, e. g. the total concrete area of an 
axially loaded reinforced concrete specimen or approximately half of the area under the neutral 
axis in the beam bending case. With this assumption the equations of the CEB-FIP Model Code 
are rearranged and written in a simpler form. 
In the uncracked linear regime : 
6c = 
A` E` 
S 
+ As Es 
e 
A 
s 
In the crack formation phase 
For short term loading: 
Qs = 
A` E` + A, ES E, ES +3 
A` 
3A,. Ec + ASE, A,. 
For long - term or repeated loading: 
s=A, 
Ec + A. ` 
E., 
Ee. 
' + 
3.5 
Aý 
f, 
3.5A5Ec +A E, As 
(Eq. 3-1) 
(Eq. 3-2) 
(Eq. 3-3) 
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In the stabilised cracking regime 
for short term loading: 
6ý = EcE., + 0.4 
A 
As 
fr 
(Eq. 3-4) 
for long - term or repeated loading: 
A 
65 = E, Es + 0.25 A f(Eq 3-5) 
In the post yielding regime 
for short term loading : 
f/ f, 
Ar E, Ec (Eq. 3-6) 
for long - term or repeated loading : 
,= ES' - 0.25 
A` 
+ 0.8 '. 
f/ f, 
E3-7 As Es E. (q. ) 
where e and 6e are the equivalent strain and stress in the steel bar alone, AS is the steel area, 
E, and ES are the concrete and steel moduli of elasticity, and f,. is the steel yield strength. 
It should be noted that in the first linear stage, the effect of conical cracking is ignored and, 
more importantly, in the crack formation stage, no difference is made between regular 
transverse cracking and brittle splitting crack propagation. In conclusion, tension-stiffening 
models are good approximations of the behaviour of steel encased in concrete, which can be 
included in larger models of reinforced concrete structures. 
6E 
s 
EE ts 
Fig. 3-3: CEB-FIP tension-stiffening models 
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Transverse crack spacing 
An important factor in the assessment of the remaining stiffness in the stabilised cracking range 
is the average transverse crack spacing. It has already been mentioned that this type of 
distributed cracking is mainly controlled by the characteristics of the steel bar. However, 
different empirical laws have been designed to predict the average transverse crack spacing 
using a number of parameters, ranging from the bar diameter to the concrete cover. The material 
parameters have been shown to have a lesser influence than the geometric parameters92 
In the CEB-FIP Model Code 19905 the transverse crack spacing is predicted to be typically 
between Lrnax and 2 Lmax, where Lmax is the length over which bond-slip occurs, i. e. the transfer 
length. The transfer length is assumed to depend on two parameters only, namely the bar 
diameter and the reinforcement ratio, p, = A, /Ar : 
Lmax 
dh 
3.6p, 
Bond-slip laws 
(Eq. 3-8) 
A more physical approach is to consider the steel and concrete separately. The structural non- 
linear behaviour is then considered a consequence of non-linear bond-slip interface behaviour. It 
has been believed for a long time that the bond-slip behaviour could be considered as a 
constitutive law of reinforced concrete in addition to steel and concrete material laws. 
It was shown however that the bond-slip law depends not only on the material parameters but 
also, to some extent, on the topology of the problem. Therefore, general bond-slip laws 
including no parameter besides the slip or only material parameters must be considered as mere 
approximations of the actual bond-slip behaviour. This is the reason why much discrepancy is 
observed between the bond-slip laws formulated by different researchers, Fig. 3-4. The bond 
slip laws presented below are derived from tension transfer tests. 
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Comparison. of Empirical Bond-slip Laws (ft = 4.1 MPa, fc = 50 MPa) 
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. 92 
1.0 
0.5 
0.0 
0.0E+00 5.0E-03 1.0E-02 1.5E-02 2.0E-02 2.5E-02 3.0E-02 3.5E-02 
slip, s (mm) 
- Nilson (1968) Nilson (1972) -Mirza & Houde (1979) - CEB-FIP model code 
Fig. 3-4: Empirical bond-slip laws 
Nilson (1968 )93 used the experimental data of Bresler and Bertero (1966)84 to formulate a 
general bond-slip law. In spite of the significant scatter of experimental data, the following law 
was proposed: 
z =. 9788.106s-57.24.106s2 +0.8356.109s3 
rin MPa and s in mm 
(Eq. 3-9) 
Later on, in 1972, Nilson 86 carried out a set of experiments, measuring the slip indirectly using 
strain gages imbedded in the concrete. From there, a law was formulated for the initial slope of 
the bond slip curve depending on the concrete tensile strength, f, and the longitudinal distance 
from concrete surface, cl : 
z= 122.1"(0.0563-cl +1.5). s- f1 
for s<8.10-3mm 
(Eq. 3-10) 
Mirza and Houde (1979)88 conducted an experimental investigation including 62 tension 
specimens. Fitting a fourth order polynomial to the experimental 
data produced a curve 
somewhat different from Nilson's curve: 
z=0.5293.106 s -25.11.106s 
2 +0.5848- 109s3 -5.466.109s 4 (Eq. 3-11) 
z in MPa and s in mm 
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The most recent bond-slip curve available is the empirical formula given in the CEB-FIP Model 
Code 905. Although the initial part of the curve seems over-stiff, the later part of the curve 
agrees well with Mirza and Houde's curve. The CEB-FIP Code defines an ultimate bond stress, 
iX, after which a descending branch is proposed. This corresponds to an assumed softening 
behaviour of the bond failure mechanism. It is believed that this descending branch describes a 
phenomenon of different nature than the bond-slip phenomenon. Consequently, it is not 
presented here. 
The ascending branch of the CEB-FIP formula has the following form: 
o. ý 
s Amax 
0.6 
(Eq. 3-12) 
where s is the slip in mm and 'rmax =2f, is the ultimate bond stress (z, ux and f. in MPa). 
3.2.2. Analytical models 
Empirical models are mainly concerned with modelling the effects of conical and transverse 
cracking, which can be described with a limited number of parameters. Splitting cracking 
however depends strongly on the topology of the specimen making the development of 
empirical laws difficult. Consequently, physical models have been sought to explain the 
mechanics of splitting. 
Splitting with strength criterion 
Tepfers (1979)90 suggested a model based on the assumption that tensile hoop stresses occur in 
the concrete to equilibrate the diagonal compressive stresses generated, between the conical 
cracks, by the bond forces. Once conical cracking occurs, the bond stresses are no longer 
transferred through direct shear stresses, but are transferred through inclined compressive struts 
between adjacent conical cracks. These inclined compression forces can be decomposed into a 
longitudinal component responsible for the longitudinal stressing of the concrete, and a radial 
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component that must be equilibrated in the cross-sectional plane. Considering the problem as a 
plain stress analysis, the radial component is equivalent to an inner radial pressure in a thick 
cylinder. Elastic analysis reveals that tensile hoop stresses develop within the cylinder wall, 
with a maximum stress at the inner surface, Fig. 3-5. 
Fig. 3-5: Hoop stresses distribution in an elastic thick cylinder 
The solution of the stress distribution in an elastic thick-walled cylinder94 subjected to inner 
radial pressure, p;, is given in the following: 
Compressive radial stress : 
P; r2 rö 6ý =222 
ro - r. r 
Tensile hoop stress: 
(Eq. 3-13) 
22 
6- 
pi r 1+ r-° (Eq. 3-14) h222 
ro -r r 
Assuming that the diagonal compressive struts replacing uniform direct shear stresses are 
inclined at an angle a, the relation between radial pressure and bond stress is easily deduced: 
p; = tan acc "z 
(Eq. 3-15) 
Equating the maximum hoop stress in the ring with the concrete tensile strength yields the 
maximum acceptable bond stress: 
ft r-r 
Vmax 
tan r, ) CXýý ý+r2 
(Eq. 3-16) 
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In the case of a reinforcing bar embedded in a rectangular section, r; is the diameter of the bar 
and ro is to be taken as the concrete cover from the centre of the bar. This model, however, only 
predicts the onset of conical cracking. The actual maximum bond stress is reached when conical 
cracking extent reaches a critical radius, e,. Thus Tepfers developed a partly-cracked elastic 
model, where the concrete is assumed to be cracked radially (by distributed splitting) up to a 
radius e. The elastic thick-walled cylinder analysis is then applicable to a cylinder of inner 
radius e, since no hoop stresses are allowed within radius e, Fig. 3-6. 
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a) 3D view of a longitudinal cut b) hoop stress distribution 
Fig. 3-6: Stress distribution in a partly-cracked elastic thick cylinder 
The hoop stress distribution is then given by: 
22 (r, /e)p; e2 rP; re ro 
Uh =22 Ii+2 2=2, 
[1+r2 
-e r ro -e- (Eq. 3-17) 
The maximum sustainable bond stress is obtained by differentiation for the critical crack extent 
eý=0.486r0: 
r -vP = O. 3 
ro 
max 
r. tan a CC 
(Eq. 3-18) 
Tepfers90 showed that the partly-cracked model under-estimate the bond capacity. This is 
mainly due to the fact that crack-bridging stresses remain in the cracked concrete and 
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that ongoing splitting is not really distributed. Therefore, Tepfers proposed an upper bound in 
the form of a plastic model, where tensile hoop stresses are constant over the wall thickness and 
equal to the concrete strength, Fig. 3-7. 
f 
f 
Fig. 3-7: Thick-walled cylinder plastic model 
The formula for the maximum bond stress is readily derivable: 
- r. 
f, 
Amax _ 
ro, 
r tan aýý 
(Eq. 3-19) 
Tepfers showed that most of the experimental data lie between the two boundaries provided by 
the partly-cracked elastic and the plastic model. This approach enhanced greatly the 
understanding of splitting crack formation, however, the model is not truly predictive as the two 
boundaries typically take values with difference of at least 50%. 
Tepfers was only concerned with splitting. However, it is possible to extend the partly-cracked 
elastic model to predict the branching out of conical cracking towards the concrete surface, i. e. 
the secondary cracking. For that purpose, the longitudinal stress at the tip of conical cracking is 
checked against the concrete strength. A few simplifying assumptions were necessary: 
- The extent of conical cracking 
is given by the critical radius, e, 
- the longitudinal stress concentration 
between two adjacent ribs is linear and proportional to 
the radius, r, 
- the longitudinal stresses 
due to the ribs in front of the cross-section considered are evenly 
distributed in the cross-section over an area Aý_, 
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- and the bond stresses are assumed to be uniformly distributed over the length of the bar in 
front of the cross-section considered. 
With these assumptions, the condition for secondary cracking is: 
2 
6n + 
6ý 
+ 
6I 
+ re =. ft 
24 (Eq. 3-20) 
with 
6 =r`n A 
(Eq. 3-21) 
and 
r, r (Eq. 3-22) 
(ro 
- e) ro 
and 
z=e_0.486ro 
(Eq. 3-23) 
max ee 
rr 
where ß is the longitudinal stress due to n ribs in front of the considered cross-section, a, is the 
longitudinal stress due to the rib considered at the tip of the conical crack, Te is the shear stress 
at the tip of the conical crack, and rs is the rib spacing. 
Assuming a typical rib spacing rs = 1.6 r; as defined by various national and international 
standards, e. g. ISO 6935-295, BS 4449: 199796 and ASTM A 61597, and rearranging (Eq. 3-20) 
with e, = 0.486 ro, the following maximum bond stress for secondary cracking is obtained: 
sc 
ro /r2 f, 
Zm - (Eq. 3-24) tan a 
IN r +3.2+ 10.25+4.23 
rr02 cc 
A r- 
A typical example can be used to determine the distance at which the secondary cracking 
becomes more critical than splitting. Goto85 observed conical crack angles of a, = 60 deg. 
Assuming a standard flexural design, the following relations can be chosen: ro =4r; and 
Ac = 7.25 roe. In these conditions, the criterion for secondary cracking to arise before splitting: 
n>_8 
(Eq. 3-25) 
94 
This agrees fairly well with Goto's experiments which displayed secondary cracking at the 6 `h or 
7 `h rib from transverse cracking, for a bar of 9 mm radius and a cover of 40 mm. 
Splitting with LEFM criterion 
As Tepfers lower and upper bound models provide a wide range of possible bond capacity, it 
was considered that a fracture mechanics approach would produce a more accurate prediction. 
The simplest fracture mechanics model is the LEFM model for the propagation of a single radial 
crack in a ring, a configuration studied by Bowie and Freese (1972)98. 
The energy criterion for splitting crack propagation is expressed in term of stress intensity 
factors: 
ß, K, =r tan acc "22r 2"F, (Eq. 3-26) rc, 
with 
F, =f (r / r ,a 
/(r,, - r)) (Eq. 3-27) 
cracking criterion : 
K, = K, c 
with 
(Eq. 3-28) 
K, C = Eý Gf 
(Eq. 3-29) 
The function F, can be found in most fracture mechanics text books, Fig. 3-8. 
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Fig. 3-8: LEFM analysis of a ring with a single crack 
H r, /ro=0.4 
H r; lro = 0.5 
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The maximum bond stress predicted by LEFM is obtained graphically by plotting the bond-to- 
crack extent diagram. A very large bond capacity is predicted for a small extent of cracking. 
Bond capacity then decreases monotonically with increasing crack extent. Consequently, it is 
necessary to adopt both the partly-cracked elastic criterion and the LEFM criterion to produce a 
physically realistic model. Maximum bond stress is generally obtained where the two curves 
meet. In the case where the LEFM curve is always above the partly-cracked elastic one or if the 
LEFM crosses the partly-cracked elastic one after the peak load, then the energy criterion is not 
prominent/applicable, Fig. 3-9. 
Splitting with NLFM criterion 
A more realistic approach is the use of a non-linear fracture mechanics model. Reinhardt 
(1992)99 improved Tepfers' partly-cracked elastic model by inserting softening stresses in the 
cracked part of the ring. Reinhardt used Hordijk's exponential softening curve, (Eq. 2-47), and 
worked out the additional bond capacity provided by softening stresses for a crack extent e. 
22t f, 
e 
rp -e+1 rl 
- e_6.93ß(e-ri) 
)- e-r+1 
r tan aý., r) + e2 6.93ß 
1\ 73 14.24ß 
- 3.896 gee-6.93ß(e-r; 
(e 
- r. 
ý3 ++e-z+1 
2.3lß 8ý3 55.473 
with 
27z"Ect 1.223ff2 0.4.5 
18 = 
3.19 f, 
n' N'uit nEcGf 
The maximum bond stress is obtained by plotting the bond-to-crack extent 
diagram. 
(Eq. 3-30) 
(Eq. 3-31) 
Van der Veen54 devised a similar model using Van der Veen's power law for the softening 
behaviour, (Eq. 2-46). It resulted in a quite simpler equation: 
T- 
f' 
ero -ez +e 
-r [1-ß(e-r. )]o. 248 E 3-32 
"'a` r tan a, rr; +eZ1.248 
q' 
with 
2 IT - Ec, _ 
1.223 f, 
= o. as 
n- w`r nE .G-3.19 
f, (Eq. 3-33) 
ulf Cf 
The maximum bond stress is equally obtained by plotting the 
bond-to-crack extent diagram. 
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Worked example 
In order to give a better understanding of the different models, a typical example is worked out. 
The chosen problem data are the following: 
- the bar diameter, dh = 24 mm (r; = 12 mm) 
- the concrete cover, c= 18 mm (ro = 30 mm and r; lro = 0.4) 
- the concrete tensile strength, f=4 MPa, and the maximum aggregate size, logg = 16 mm, 
- the conical crack angle, cz = 60 deg. 
- Gj is deduced from f, and dang using (Eq. 2-37) and (Eq. 2-39), 
- Ec is derived using the following formula from the CEB-FIP Model Code 1990: 
4 fý 
ý3 (Eq. 3-34) 
E =2.15x10 MPa 10 
The evolution of the bond capacity with the crack extension is then obtained using (Eq. 3-17), 
(Eq. 3-19), and (Eq. 3-27) to (Eq. 3-33), see Fig. 3-9. 
Bond capacity evolution with crack extension 
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Fig. 3-9: Comparison of the different splitting models 
Maximum bond stress is directly read on the diagram. Final results are summarised in Table 
3-1. 
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Table 3-1: Comparison of maximum bond stress and critical crack extension. 
Model Partly-cracked Plastic LEFM + NLFM NLFM 
elastic 
Partly-cracked (Reinhardt) (Van der Veen) 
elastic 
z,,, ux (MPa) 1.732 3.464 1.732 2.85 
2.83 
e critic (mm) 14.6 _ 
14.6 23 24 
As expected, plastic and partly-cracked elastic models give very different results (50% 
difference). The LEFM curve remains above the partly cracked elastic model, therefore it is not 
the critical criterion for this example. It can be noted that Reinhardt's and Van der Veen's 
models give very similar results, and lie between the lower and the upper bounds of the partly- 
cracked elastic and the plastic models respectively. 
In conclusion, if a simple model is required, the partly-cracked elastic model can be used safely 
as the LEFM criterion is generally not critical. For a more accurate model, Reinhard's or Van 
der Veen's model can be used with equal reliability. 
3.2.3. Axi-symmetric finite element models 
Fig. 3-6 shows that if the three-dimensional problem is considered, conical cracks and 
hoop 
stresses responsible for splitting interact. Analytical models are not able to 
describe this 
interaction. That is the reason why axi-symmetric non-linear finite element models have been 
developed by several researchers to simulate the three-dimensional cracking behaviour. 
Avoiding the complexity of a fully three-dimensional model, all the finite element analyses 
encountered in the literature opt for axi-symmetric models. 
Generalisation of the results 
obtained to bond-slip behaviour in beams requires the assumption that 
the behaviour of a 
cylindrical reinforced concrete tension specimen 
is close enough from the behaviour of a 
rectangular tension specimen with equivalent concrete cover. 
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The first to simulate the full tension-stiffening curve of a reinforced concrete tension specimen 
was Ingraffea et al. 4; '10°. Using the assumption that conical cracking is a local phenomenon, 
hence it is independent from overall geometry, an axi-symmetric model was used in which the 
steel bar was modelled with elastic elements. Connection between steel and concrete was 
achieved by full bond in the longitudinal direction at every second steel element. Cracking, 
including strain-softening, was simulated using a discrete-crack approach with progressive 
remeshing, allowing for the proper crack direction to be modelled. Conical cracking was 
successfully simulated and was shown to be responsible for the non-linear bond-slip behaviour. 
Pijaudier-Cabot and Mazars (1991)101 designed an axi-symmetric model with full bond between 
steel and concrete. A scalar non-local damage model with a sophisticated mode II constitutive 
law was chosen to simulate cracking. The model was shown to be mesh insensitive and to 
simulate appropriately the distribution of damage along the reinforcing bar contrary to a local 
approach. However, the scalar nature of the model along with the somewhat arbitrary mode II 
constitutive law removes much of the interest inherent to non-linear finite element analysis 
since the cracking patterns are not simulated. 
Rots (1992) 102 achieved better results by using the rotating smeared crack concept for conical 
cracking, the fixed smeared cracking concept for splitting and the fixed discrete cracking 
concept for transverse cracking. Strain-softening was included in the material model. 
Connection between the steel and the concrete was achieved discretely by connecting them at 
every second node, at the actual location of the ribs, Fig. 3-10-a). Rots manages to simulate 
successfully conical cracking, splitting and transverse cracking, Fig. 3-10-b) and Fig. 3-10-c), 
including the softening branches of the loading curve. The model was not benchmarked against 
experimental data, but bond-slip curves were produced and are compared in Fig. 3-11 with 
empirical bond-slip laws. The initial part compares well with Nilson (1968), while the ultimate 
stage compares better with Mirza and Houde (1979). It is not known if the discrepancy is due to 
the empirical laws depending on very few parameters, or on the finite element model yielding 
an over-stiff response. 
99 
a) 
F. u 
  Rigid steel-concrete 
II 
Potential discrete 
primary crack 
r- 
t 
t 
b) 
ý. 
- 4 
--ý, III 
hi iII rl r 
V ý`a 
- fl\ 
\\\\_ 
/J/i42t 
--*i 
Fig. 3-10: Rots' axi-symmetric model of the bond-slip problem 
Adapted from Rots (1992)102 
a) mesh definition, b) cracking pattern at impending transverse crack formation, c) cracking 
pattern at final stage (dark areas correspond to the propagation of splitting cracks). 
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Fig. 3-11: Rots' simulated bond-slip curve compared to empirical laws 
It should be noted that the prediction of splitting by Rots model is in excellent agreement with 
Reinhardt NLFM model: while in Rots' simulation onset of bond failure by splitting occurs for 
a critical crack extent ec, i, = 44 mm and a maximum bond stress Týax =7 MPa, Reinhardt NLFM 
model predicts e,,;, = 42 mm and ztax = 6.6 MPa. 
Another interesting axi-symmetric model was develop by Yao and Murray (1995)103 using 
discrete cracking without remeshing for conical cracking and fixed smeared cracking for 
splitting. A refined model was introduced for the steel to concrete connection, which included 
the rib geometry. Apart from some spurious zig-zag cracking due to the discrete cracking 
technique, conical cracking and splitting were satisfactorily simulated. The main conclusion 
from this work was to emphasise the importance of splitting on the bond-slip behaviour of 
reinforced concrete, as had already been observed in Rots' model. It was also concluded from 
the two analyses that no single valued functional exists between bond stress and slip, 
challenging the concept of a constitutive relationship for bond-slip. Indeed, this relation was 
shown to change with the position relative to the closest transverse crack and the onset of 
splitting, i. e. the three phenomena are coupled. However, 
it was shown in Fig. 3-11 that in the 
absence of splitting crack an average 
bond-slip law is still acceptable. 
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Comparison of Rots' Simulation with Empirical Bond-slip Laws 
(ft =3 MPa) 
3.3. Mechanics of Crack Formation 
Further investigation of the mechanics of crack formation involved in the steel-to-concrete bond 
behaviour requires a three-dimensional non-linear finite element model. Axi-symmetric models 
provided realistic results for axi-symmetric specimens. However, the customary reinforced 
concrete flexural design does not generally result in an axi-symmetric geometry. Since the bond 
phenomenon is fully three-dimensional, it is expected that the lack of symmetry in the concrete 
boundaries will influence the bond response. 
A highly refined 3D model was developed to simulate conical cracking, secondary cracking, 
splitting cracks and transverse cracking as realistically as possible. The aim was to investigate 
the influence of the concrete cover notably on the onset of secondary cracking, the interaction of 
the different cracking mechanisms, and to determine the limitation of the non-linear finite 
element method in simulating the propagation of unstable cracks. 
Eventually, the shortcomings of the finite element model to predict the onset of splitting 
propagation were compensated for by the development of a fracture mechanics model adopting 
a different approach to these of Tepfers and Reinhard. The entire system of the concrete and the 
reinforcing bar was included in the energy balance rather than considering the action of the bar 
on the concrete as an external load. 
3.3.1.3D Finite element model 
Definition of the specimen 
A standard flexural design has been adopted for the specimen. In order to limit the complexity 
of the structural behaviour, whilst retaining the characteristics of the bond behaviour under the 
neutral axis, a four bar tension test was chosen. It was assumed that the tensile stress 
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distribution of the tension specimen is approximately equivalent to the stress distribution 
occurring in the tensile zone of a flexural member. 
The load was applied symmetrically to all four bars. The test was assumed to be conducted with 
displacement control and crack mouth opening displacement control. 
The characteristic features of the specimen were: 
-4 high yield ribbed steel bars of 16 mm diameter, 
- rib spacing of 10 mm (r,, = 0.625 dh), 
- rectangular concrete cross-section 125 x 240 mm, 
- and 20 mm horizontal and vertical concrete cover, 
- total length, L, of 372 mm. 
"" 
"" 
Fig. 3-12: Specimen geometry 
L was chosen to be longer than twice Lmax, as defined by the CEB-FIP model code 1990 to allow 
for the bond stress to develop fully: 
Material properties used were: 
- steel material property : 
- concrete material properties 
L= 
db 
=161mm max 3.6p 
s 
ES = 205 GPa 
Ec = 25 GPa 
ff=4.1 MPa 
Gf = 80 J/m2 
According to the CEB-FIP model code 1990, this corresponds approximately to a concrete 
compressive strength, f, of 50 MPa, and a maximum aggregate size, dagg, of 8 mm. The value of 
8 mm for dagg is slightly underestimated. However, the value 80 J/m2 from which d,, gg is derived 
was chosen close to the typical specific fracture energy obtained for normal concrete mixes. It is 
believed that this choice has only little effect on the outcome of the simulation. 
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Presentation of DIANA model 
To reduce computational cost, three-fold symmetry was used so that an eighth only of the 
specimen, i. e. half a bar, was modelled, Fig. 3-13. Boundary conditions were used to satisfy 
symmetry conditions, i. e. restraints normal to the planes of symmetry are provided. Only one 
load was applied at the extremity of the steel bar. 
The reinforcing bar was modelled by ID bar elements. The discretisation was chosen to 
correspond to the rib spacing. Concrete was modelled by 3D 20-noded brick elements, Table 
3-2. Conical cracking and secondary cracking were simulated using smeared cracking. The 
cracking strength was assumed to be 4.1 MPa. Because of the preference of smeared cracking to 
form parallel to mesh lines, the mesh topology was chosen so that mesh orientation 
corresponded to the more likely cracking orientation. Thus, around the bar, prismatic elements 
were inclined at an angle of 60 deg. from the bar axis in a cone-like shape to follow potential 
conical cracking. Everywhere else the meshing was orthogonal to concrete surfaces. 
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Fig. 3-13: Threefold symmetry and mesh topology 
Particular attention was given to the connection between steel and concrete, as it does strongly 
influence the bond behaviour. The model was intended to be as realistic as possible within the 
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limits of finite element analysis. Connection between the steel bar and a first layer of interface 
elements was achieved through rigid links, Fig. 3-14. At the nodes corresponding to the ribs 
rigid connection in the radial and the longitudinal direction was enforced. At the mid-nodes, 
between rib locations, only radial rigid connection was enforced. This was intended to model 
the mechanical connection achieved between steel and concrete through the ribs in the 
longitudinal direction, and the incompressibility of the steel bar in the radial direction. 
a) b) 
c) d) 
Fig. 3-14: Steel-to-concrete connection 
a) 3D view, b) axial cut, c) elastically loaded connection, d) after interfacial opening 
The possibility of the loss of this mechanical connection was modelled by interface elements. 
Below a given normal traction, the interface was infinitely rigid in normal and tangential 
directions. Once this normal strength was reached, the interface normal and tangential stiffness 
was reduced to zero. Although the actual normal strength of the steel-to-concrete interface due 
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to chemical and mechanical bond is low compared to the corresponding stresses obtained in the 
simulation, a strength of I MPa was arbitrarily chosen to avoid early instability to set in the 
simulation. 
Discrete crack plane 
Primary Crack 
Fig. 3-15: Position of the discrete crack interfaces 
Additional interface elements were inserted in the transverse symmetry plane to model 
transverse cracking in a discrete way. Interface elements were also inserted horizontally and 
vertically along the reinforcing bar to simulate potential splitting, Fig. 3-15. In both of these 
cases, a slightly lower tensile strength was implemented (4 MPa) to avoid smeared cracking 
arising first in adjacent elements. 
The steel elements were considered to behave linear elastically throughout the simulation. After 
the simulation, it was checked that the yield strength had not been reached. The concrete 
material model was elastic behaviour up to the tensile strength f and Hordijk et al. strain 
softening curve was implemented for the cracking behaviour, Eq. 2-47. Smeared cracking was 
used for conical and secondary cracking. The constitutive model chosen was Rots' 
multidirectional crack model with a threshold angle of 60 deg. The size of the crack band width 
was chosen according to Eq. 2-75. Cracking was assumed to propagate along mesh lines, and 
the 3x3x3 integration scheme was adopted, which yielded a crack band width, h=2.9 mm for 
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the conical cracks and h=3.3 mm for secondary cracks. Consequently, an average crack band 
width of 3 mm was adopted everywhere. The appropriateness of such a choice will be assessed 
later. 
Table 3-2: Model size 
brick elements bar elements interface 
elements 
nodes integration 
points 
1 168 37 536 8 630 36 656 
The solution procedure adopted was the regular Newton-Raphson iteration scheme 
complemented with the line search algorithm. Convergence was tested using an energy norm 
criterion. Convergence was assumed to be achieved for a relative energy variation of 0.5%c. 
Load control was implemented up to a load of 27.2 kN. Then indirect displacement control was 
enforced using a selective arc-length method on the crack mouth opening of the splitting cracks 
and the secondary cracks. Appearance of negative pivots was monitored throughout the 
simulation. 
In total, 53 steps were carried out, each requiring between 2 and 4 iterations, Table 3-3. No 
negative pivot was encountered throughout the simulation up to step 53. At step 53 a negative 
pivot corresponding to the negative load step appeared. Convergence was lost after step 53 at 
the onset of transverse cracking. 
Table 3-3: Simulation figures 
steps iterations CPU time 
53 129 23 h 
Presentation of the results 
Before any cracking occured in the specimen, linear stiff behaviour was observed, 
Kz 440 kN/mm. Stress was transmitted rapidly from the bar to the surrounding 
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concrete with shear stress concentrations at the location of the ribs. Beyond the transfer length, 
the tensile longitudinal stresses were distributed uniformly over the concrete cross-section and 
the steel stress dropped to 18 % of its value, at the point of application of the load. 90 % of the 
longitudinal force transferred occurs over a length tf = 65 mm, Fig. 3-16. 
Hoop stresses in front of the first rib built up very rapidly, to an approximate level of 15 % of 
the steel stress. So did the shear stresses at the first rib, to an approximate level of 12 % of the 
steel stress. It can be deduced that local splitting in front of the first rib occurs at steel stresses as 
low as 27 MPa (5.5 kN for a bar of 16 mm), and the first conical cracking occurs at a steel stress 
level of 34 MPa (6.8 kN for a bar of 16 mm). This was verified at the third step for the onset of 
splitting (6 kN) and at the fourth step for first conical cracking (8 kN). 
"rfil fl r, 7t "M.. 
Fig. 3-16: distribution of principal tensile stress on the surface of the specimen, F= 28.5 kN 
If cracks openings below 1 µm are ignored (corresponding to a stress drop of less than 10% of 
the concrete strength), conical cracking progressed along the bar at the following pace, Fig. 
3-18: 
- second rib at 13 kN 
- third fib at 16kN 
- fourth rib at 20 kN 
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- fifth rib at 22.4 kN 
- sixth rib at26.4kN 
This corresponds, approximately, to a new rib cracking at every 3 kN increment, i. e. for an 
increase of 15 MPa in the steel stress. It should be noted that the conical crack pattern was not 
symmetric about the bar axis. More extensive cracking took place on the underside of the bar, 
away from the concrete cover. The inner block of concrete provided more confinement to the 
bar and tended to draw a more concentrated bond stress flow, resulting in more extensive 
damage on the underside of the bar. 
The progressive softening of the bond interface and the subsequent slip resulted in a structural 
softening of the reinforced concrete specimen as can be observed from the load-displacement 
curve, Fig. 3-17. At F= 30 kN, the stiffness is reduced by 12 % to 385 kN/mm. 
Load displacement curve 
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Fig. 3-17: Load-displacement curve of the reinforced concrete specimen 
Conical cracks developed along the mesh lines at 60 deg. from the bar axis. Even at high steel 
stresses (e. g. 170 MPa) the conical cracks did not radiate more than 10 mm from the bar, Fig. 
3-18. The maximum conical crack opening was not more than 8.5 µm, which corresponds to a 
stress drop of 44 %. 
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Fig. 3-18: progression of conical and secondary cracking along the bar 
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The progression of conical cracking resulted in a redistribution of the bond stresses along the 
steel bar. The stress peak, close to the concrete face where the bar enters, was flattened and 
moved further into the concrete, Fig. 3-19. Thus, as the load was increased, the transfer zone 
was also increased: 
- tf = 65 mm and z,,, ax = 0.98 'max, r;,, at 10 kN 
- tf = 70 mm and zraX = 0.91 zmax, r;  at 20 kN 
- tj = 
75 mm T, 
naS = 
0.75 ZInRX, lin at 
30 kN 
where tf if the length over which 90% of the concrete tensile force is transferred, z.,, is the peak 
value of the bond stress in the non-linear analysis and z,,, ax tin is the value predicted by the linear 
anlysis. 
The peak value of the bond stress was also significantly influenced by the propagation of the 
splitting crack. 
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Fig. 3-19: Evolution of the bond stress distribution along the steel bar 
The conical cracks transformed the bond transfer mechanism from a direct shear bond to a 
discrete set of compressive diagonal struts balanced by horizontal tensile stresses, i. e. 
transferred longitudinal stress, and circular hoop stresses responsible for splitting, Fig. 3-20 and 
Fig. 3-21. The mechanism occurring in the simulation corresponded exactly to Tepfer's model. 
Although the interface elements simulating splitting opened satisfyingly, the interface elements 
between steel and concrete did not open, that is the concrete never lost longitudinal connection 
with the steel bar. This may be due to the normal strength chosen for these interface elements, I 
MPa. The relevance of such a normal strength will be discussed later. 
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Fig. 3-20: Hoop stresses and splitting crack opening between the first and the second rib, 
the vectors correspond to the direction of displayed stress intensity, F= 28.5 kN 
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Fig. 3-21: Hoop stress distribution at F= 33.4 kN, longitudinal cut. 
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The conical cap in front of the first rib failed at a relatively low load (6 kN) under splitting hoop 
stresses due to the lack of concrete confinement. Slices of concrete between further ribs had a 
higher splitting capacity. The onset of splitting between the first and the second rib arised at 14 
kN, i. e. 4.4 MPa of average bond stress between the two first ribs, and thorough splitting does 
not occur before 24 kN, i. e. 6.7 MPa of average bond stress between the two first ribs. Splitting 
proceeded towards the concrete surface using the shorter paths, i. e. horizontal and vertical 
cracking through the concrete cover, Fig. 3-22. Horizontal splitting arose first, closely followed 
by vertical splitting. 
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Fig. 3-22: Progression of the splitting crack on the surface of concrete 
a)F=22.4, b) F= 26.4, c)F=31.4, d)F=33.4 
The onset of secondary cracking occurred at 27.6 IN, at the eighth rib, i. e. 80 mm from 
specimen's extremity. Starting from the concrete surface, the secondary crack worked its way 
down towards the reinforcement, thus meeting conical cracking, Fig. 3-18. The crack reached 
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the reinforcement level at 30 kN, i. e. 150 MPa of steel stress. At 170 MPa of steel stress, the 
mouth opening of the secondary cracking reached approximately 8 µm. 
Even after extensive conical and secondary cracking, 82 % of the force was still transferred to 
concrete, as in the linear analysis, Fig. 3-23. This predicts the onset of transverse cracking at 
35 kN. When this value was approached, the convergence of the iterative process is lost with the 
opening of the transverse crack and the analysis is unable to proceed further. Several indirect 
displacement controls have been tried and failed. It was not possible to trace the descending 
branch of the transverse crack softening. 
4 MPa 
3 MPa 
L 
Fig. 3-23: Principal tensile stress distribution at F= 31.4 kN, longitudinal cut 
Discussion and comparison with empirical models 
The model produced very satisfying results for the evolution of conical cracking, the 
mechanism of secondary cracking and the onset of splitting. However, the steel-to-concrete 
connection interface failed to model adequately the sudden and complete loss of bond at 
splitting crack opening, which prevented the splitting crack propagating. It is believed that this 
spurious behaviour is due to the arbitrarily chosen normal connection strength of 1 MPa. 
However, this strength was intentionally introduced to avoid early instability and loss of 
convergence in the simulation. The solution procedure used, the Newton-Raphson iterative 
scheme, is designed to follow continuous non-linear phenomena. Obviously, the sudden release 
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of the steel bar by concrete splitting is a discontinuous dynamical phenomenon and cannot be 
followed statically by decreasing, appropriately, the load. Consequently, it is believed that no 
realistic simulation of splitting can be achieved through finite element modelling. 
The level of mesh refinement, the use of higher order elements and the choice of full integration 
scheme insured a good overall approximation field for the stress and strain distribution. The 
inclined mesh around the steel bar in the form of a cone turned out to be a particularly good 
choice as it presented two advantages: 
- reduction of the mesh bias on the cracking direction, assuming that the cracking direction is 
approximately known from experiments, 
- use of the piece-wise nature of the finite element stress and strain fields to facilitate the 
modelling of the field discontinuity over the conical cracks. 
However, the use of a single element between each rib is a minimum requirement. Once conical 
cracks open a high compressive stress concentration develops in the vicinity of the rib. It is 
possible that this stress concentration is ill-represented by the shape functions of a single 
element. Although it was first thought by several experimental investigators that bond failure 
could occur by local compressive failure at the ribs, it was shown later that no such failure could 
be observed. 43 That is the reason why no compressive failure criterion was introduced in the 
model, and that the inaccuracy of the assessment of the compressive stress concentration at the 
ribs is not considered a critical issue. 
As mentioned in chapter 2, the choice of an appropriate crack band width is important. Shear 
locking due to zig-zag cracking and the coupling of the integration points behaviour in each 
element usually result in wider crack bands than the one derived from Eq. 2-75. In this analysis, 
however, zig-zag cracking was successfully avoided by orientating the mesh lines with the 
potential cracking direction and integration point coupling was limited to a minimum by using 
higher order elements. As a result, for the conical cracking, each physical crack was modelled 
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by one smeared crack in its width. Localisation is not a problem in this model as discontinuous 
crack initiators were introduced in lieu of the ribs to force the cracking to localise. 
For secondary cracking, no crack initiator is present which resulted in a crack band of two 
integration points width, Fig. 3-18. This constituted an undesired effect since only one 
secondary crack would form in reality. However, the consequences are limited as the crack 
plane eventually localises in one of the two integration points in its width. 
The bond-slip curves were obtained using the following method: 
- Average bond stress between ribs is obtained dividing the drop of force in the steel bar with 
the surface area of the bar between two ribs, i= AF/(lt. db. rs). 
- Slip is obtained as the difference of displacements between the steel bar cross-section and 
the corresponding point in concrete, 10 mm away from the bar surface. 
- The bond-slip behaviour is measured for points in the concrete cover (outer measures) and 
for points towards the bulk of concrete (inner measures), for the four first ribs. 
The resulting curves are plotted and compared with the empirical bond-slip curves, Fig. 3-24. 
The outer measures display more or less the same trend whatever the rib, as do the inner 
measures. The discrepancy between the two sets may be explained by the fact that slip is plotted 
against average bond and not against local bond. This would mean that less bond is actually 
transferred to the concrete cover than towards the bulk of concrete, which is intuitively 
understandable as the bulk of concrete is stiffer and resists more the pulling of the bar than the 
concrete cover. If this is the case, it is possible that the discrepancy observed between the inner 
behaviour and the outer behaviour may only be due to the local variation of the bond stress 
around the bar. It is therefore possible that if the average bond stress were replaced by the local 
bond stress, all the bond-slip curves would superimpose. Consequently, although the bond slip 
curve is certainly dependant to some extent on the geometry of the concrete section, the 
diameter of the bar and the material properties, it can be concluded that for a given topology and 
a given set of materials, the bond-slip curve does not seem to vary along or around the steel bar. 
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Comparing the bond-slip curve of the simulation with the experimental curves yields a 
satisfying result, Fig. 3-24. The rising branch of Nilson (1968) corresponds nearly exactly with 
the behaviour of the inner measures. The CEB-FIP curve and Mirza and Houde curve seem far 
too soft compared to the simulation. An acceptable approximation is obtained if the maximum 
slip allowed in the CEB-FIP curve is reduced from 0.6 mm to 0.1 mm. 
It should be noted that these curves reflect the effects of conical cracking only as splitting 
propagation is prevented in the model, due to the nature of the connection between steel and 
concrete. The gradual softening of the curves corresponds to the progressive extension and 
opening of the conical cracks. 
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Fig. 3-24: Bond-slip law derived at rib locations, bond stress is averaged over the rib spacing 
The model is unable to simulate the propagation of the splitting crack, however the onset on 
splitting was predicted at 14 kN, for a bond in the first rib of 4.4 MPa. This can be compared to 
the onset of splitting predicted by the different analytical models: 
- Tepfers' partly-cracked elastic model predicts e, = 13.6 mm, T,,, ýx = 2.485 MPa, F=7 kN, 
- Tepfers' plastic model predicts z,,, ut = 5.92 MPa, F= 20 kN, 
- Reinardt's NLFM model predicts eß. 1, = 20 mm, Tt11gz = 4.7 MPa, F= 15 kN, 
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- and Van de Veen's NLFM model predicts eis = 23 mm, z,,, ür = 4.8 MPa, F= 15.5 kN. 
Reinardt's and Van der Veen's models compare very well with the prediction of the finite 
element model. It is therefore concluded that the assumption of axi-symmetry used in these 
models is acceptable: for a standard rectangular section, hoop stresses develop as if the bar was 
encased in a cylinder of concrete with the thickness of the actual concrete cover, Fig. 3-20. 
It should be noted that the numerical results show that the analytical model presented in section 
3.2 for the onset of secondary cracking is irrelevant. In this model the secondary cracking was 
assumed to stem from the tip of a conical crack, while the finite element model predicts that the 
secondary crack starts at the concrete surface and then develops downwards to meet conical 
cracking. The analytical model will not be used in the following analyses. 
The results from the finite element analysis lead to the following conclusions: 
- The pattern of the simulated conical cracks confirms Goto's experimental observations. 
- The stress distribution resulting from conical crack formation and the onset of the splitting 
crack confirm the mechanism of bond transfer postulated by Tepfers. 
- The role of secondary cracking in the softening behaviour of the steel-to-concrete interface 
is highlighted in this analysis. 
- Moreover, the onset of splitting predicted by Reinhard's or Van der Veen's NLFM models 
is confirmed by this simulation. 
- The bond-slip curve proposed by Nilson (1968) appears to be the closer to the simulated 
bond-slip behaviour than those proposed by others. 
- The maximum bond capacity is not determined by the local mechanics of the conical cracks, 
but rather by the overall fracture mechanics of the system. Therefore, a bond-slip curve with 
high or no maximum bond complemented by a separate splitting model is recommended. 
- The inability of either the 
FEA or the NLFM model to predict propagation of splitting 
suggests that a fracture mechanics model based on the energy balance of the bar-concrete 
system should be considered. 
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3.3.2. Fracture mechanics model for bond failure by splitting 
Like post-buckling analysis, the study of unstable crack evolution requires an energy 
approach. 104 Fracture mechanics models based on the energy balance of concrete only, like 
Reinhard's and Van der Veen's models, are able to predict the onset of splitting, but not the 
critical threshold of splitting propagation. Consideration of the fracture mechanics of the steel 
bar and the concrete is necessary to predict this threshold. Such a LEFM model is presented in 
the following. 
Presentation of the model 
Consider a reinforced concrete tie subjected to a tensile force at its extremity. Beyond the 
transfer zone, the reinforced concrete cross-section acts compositely with an overall stiffness 
(A, EC + ACEC) where A, and A, are the cross-sectional areas of steel and concrete, and Es and E, 
are the elastic moduli of steel and concrete. 
The propagation of a splitting crack on a length be results in the steel bar being released for a 
length be. From a structural point of view, this is equivalent to a shortening of the section of 
reinforced concrete by a length be and an extension of the steel bar by a length be. The new 
topology of the problem is identical locally to the previous one, as long as the specimen remains 
longer than the transfer length. Consequently, the splitting propagation is a critically unstable 
phenomenon occurring at constant load. 
The distribution of bond stresses, Fig. 3-19, shows that the bond stress rapidly dies away along 
the bar away from the concrete surface. The splitting hoop stresses, which develop only in the 
presence of conical cracks, are proportional to bond stresses. Consequently, no large area of 
damaged concrete can exist ahead of the splitting crack, and strain softening does not play a 
significant role in the propagation of splitting. That is the reason why it is believed that LEFM 
is applicable to the problem of splitting propagation. 
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Assuming that stable splitting occurs before the critical threshold of splitting propagation, a 
splitting initiator is present in the structure. Noting that the transformation arises at constant 
load, it is then possible to enforced an energy balance by using Eq. 2-16. 
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Fig. 3-25: Reinforced concrete tie before splitting 
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be 
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Fig. 3-26: Reinforced concrete tie after splitting 
The variation in strain energy is due to the shortening of the section of concrete and to the 
extension of the exposed steel bar, Fig. 3-25 and Fig. 3-26: 
b% 
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E, Ar + E, A, 
(Eq. 3-35) 
(Eq. 3-36) 
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The work of external force on the extremity displacement Su is due to the softening of the 
structure: 
8'Y 
x, =F"Su 
= F2 
1 
K 
sp 
-1 =F2 
1 
K; 
ni 
EA, 
1 
ESA, + E, A, 
It can be verified that SWext =2 dUei. 
The consumption of fracture energy is proportional to the splitting crack extension: 
Ic=Gib. &=F. 
The energy balance is enforced by applying Eq. 2-16: 
=VVel =/l/2 UYYext 
which yields the following expression for the critical load level: 
FýE 
F Zr cr 
AS ESA, + Eý A, 
Application to the tension specimen 
(Eq. 3-37) 
(Eq. 3-38) 
(Eq. 3-39) 
(Eq. 3-40) 
(Eq. 3-41) 
The application of the fracture mechanics model to the specimen simulated by finite element 
analysis is straightforward. The only contentious point is the determination of F. The difficulty 
is in determining the failure regime. Since the splitting propagation is a case of critical 
equilibrium, a slightly higher load will result in a dynamic failure. In this case, equilibrium is 
not maintained during splitting propagation and the conical cracks will not shift along with the 
progression of the splitting. On the contrary, in the case of a quasi-static propagation of 
splitting, which requires the critical splitting load to be maintained throughout the process, 
conical cracks will develop together with the progression of splitting. From a structural point of 
view, it is equivalent to a shift of the set of pre-existing conical cracks with the splitting 
propagation. 
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The consequence for the determination of F, recalling that the fracture energy Gf is assumed to 
be 80 J/m2, is the following: 
- if the failure regime is dynamic, the fracture energy consumption results only from the 
opening of the splitting crack, I'= 2x 20 x 10-3 x 80 = 3.2 J/m, 
- if the failure regime quasi-static, the energy necessary to open the conical crack must be 
considered besides the opening of the splitting crack, T= [40 +n(182-82)/10] X 10-3 x 80 J/m 
T= 9.7 J/m 
This is a significant difference and more should be learn from experimental results to conclude 
on this point. 
The other components of the Eq. 3-41 are derived easily: 
E, A,. = 41.22 MN 
(E, A., + ESA, ) = 224.29 MN 
which yields for the critical splitting load, 
in the dynamic regime: Fcr; t = 18 kN, zmax = 5.4 MPa 
in the quasi-static regime: Fcrir = 31.4 kN, z,,, aX = 9.4 MPa 
It can be checked that both the above critical loads are higher than the onset of stable splitting 
predicted by the analytical and the numerical models, 15 kN and 14 kN. Splitting in the 
dynamic regime is predicted to arise shortly after the onset of splitting, while quasi-static 
splitting is predicted to arise at a load nearly twice as large as the onset of splitting. 
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4. APPLICATION AND VERIFICATION 
OF THE BOND MODEL 
The mechanics of bond cracking have been investigated in previous chapters. Existing empirical 
laws and analytical models have been checked against a refined finite element model although 
divergence in the analysis prevented simulation of the opening of the transverse crack. A new 
fracture mechanics approach, which has been developed for the propagation of splitting, was 
described. It is now possible to design a simpler non-linear model incorporating the different non- 
linear constitutive laws identified: 
- non-linear bond-slip due to conical and secondary cracking along the transfer length, 
- strain-softening opening of the transverse crack, 
- and the fracture mechanics criterion for splitting. 
The model has been developed and checked against experimental results for tension specimens, 
which soften by transverse cracking, by splitting or by a combination of both. The splitting model 
has then been applied to a structural problem, i. e. the shear failure of reinforced concrete beams 
without stirrups. The predictions were compared with the empirical formula proposed in the 
CEB-FIP model code 1990. 
4.1. Model for the Simulation of the Behaviour 
of Tension Tests 
Since a detailed finite element analysis seeking to simulate all bond related fracture processes has 
to be very complex and time consuming, it is believed that a better understanding of the structural 
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behaviour including interaction between the different cracking mechanisms can be gained by 
developing a simple non-linear model, for which the non-linear constitutive behaviours of each 
component is provided and not derived. 
4.1.1. Model components 
The model was formulated as a set of non-linear equations enforcing static equilibrium of the 
different components acting on each other and equilibrium of the structure under the external 
load. If splitting propagation is ignored, the model is an eight degrees-of-freedom system made 
up of linear springs and non-linear sliders, Fig. 4-1. The structure of the system was based on the 
different cross-sectional behaviours identified in the conclusions of section 3.1. By using 
symmetry, only half of the total length of the specimen had to be modelled. 
specimen half length 10 
reduced concrete section spring 
"T5 t---l 
full/reduced concrete section springs 
A -LIA IA U2 IA 
. 
L__A_d IA U3 
Tess 
bond-s lip 
1 slider 
T6 11 11 T7 
Test TPc 
bond-slip transverse 
slider [ crack opening 
VVQVI1T1vIV 
I 
2 
VVVV""Vt-*U3 ýVI*U41W 
Up 
steel bar springs steel bar + full concrete section steel bar springs 
spring 
104 *4 104 104 
splitting crack transfer length linear central portion remainder of crack band width 
propagation length transfer length 
Fig. 4-1: 8 DOF, springs and sliders system 
Breakdown of the model 
The physical meaning of each spring and slider is detailed in the following, Fig. 4-2. The 
specimen was divided in portions along its length. Each portion comprises components modelling 
the steel bar and components modelling the concrete. 
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Softening 
Transverse 
splitting crack 
propagation length 
I vvI nvuI VI ufl. rn0 crack band width 
Fig. 4-2: Physical meaning of the 8 DOF system 
The first portion, which models the splitting crack propagation length, consists of a linear spring 
with the stiffness of the reinforcing bar only. 
The second portion models the transfer length. It is made up of two linear springs in parallel, 
modelling, respectively, the steel bar and a reduced concrete section. The connection between the 
bar and the concrete is realised through a non-linear slider, which accounts for the bond-slip 
behaviour resulting from the opening of the conical cracks. In practice, load is transmitted from 
steel to concrete in a progressive manner along the transfer length. The typical distribution of 
bond stresses displays a peak at the point of entry of the bar into the concrete, where the conical 
cracking is concentrated. Along the bar, away from the concrete surface or the transverse crack, 
bond is transmitted with little cracking at lower stress levels. In the model, the force is transmitted 
to the concrete discretely through a slider, which amounts to replacing the stress distribution 
curve by a constant mean stress. In order to reduce levelling off of the peak stress, only half of the 
transfer length is modelled by the bond-slip slider. The rest of the bond force, which is assessed to 
be approximately 30% of the total bond force in the linear range, is transmitted to the concrete by 
a rigid link. 
The third portion comprises a single linear spring, modelling the composite section. 
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specimen half length i 
The fourth portion is designed so that its response is similar to the third portion until the 
transverse crack opens. Then, from the onset of transverse cracking up to the ultimate transverse 
crack opening, its response becomes progressively similar to the first transfer length. This 
corresponds to the set of conical cracks appearing at the face of the newly formed transverse 
crack. 
The last portion models the cross-section where the transverse crack occurs. In addition to the 
steel and concrete springs in parallel, it comprises a non-linear slider modelling the softening 
behaviour of a crack opening in concrete. 
Components definition 
The stiffness of each linear spring was determined from the modulus of elasticity of steel or 
concrete. For concrete, the formula from the CEB-FIP Model Code 905, given in (Eq. 3-34), has 
been used. 
The average length between adjacent transverse crack, L, r, ax, was calculated using the empirical 
rule in the CEB-FIP Model Code 90, given in (Eq. 3-8). As explained above, the modelled 
transfer zone was taken as a quarter of L,, ux : 
tf 
Lmax 
- 
db 
f4 14.4 ps 
(Eq. 4-1) 
The bond-slip law used for the non-linear sliders is the empirical formula from the CEB-FIP 
Model Code 90, given in (Eq. 3-12), where the nominal slip 0.6 mm was replaced by 0.1 mm, in 
agreement with the results of the finite element model, section 3.3.1. Using a single-degree-of- 
freedom bond-slip slider amounts to considering a constant bond stress along the transfer length. 
Therefore the bond force was obtained by multiplying the bond stress by the surface area of the 
reinforcing bar in the modelled transfer length. 
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The concept of a crack band was used to smear the opening of the transverse crack over the 
length of the fifth portion of the model. The width of this crack band was progressively reduced 
as the crack opened. In this way, crack localisation was simulated. A linear relation between the 
crack band width and the crack opening was adopted. An a priori initial width of 50 mm was 
chosen. 
The strain softening law adopted for the opening of the transverse crack is the exponential law 
proposed by Hordijk et al. 22 , given in (Eq. 2-47). 
Gj is the specific fracture energy of concrete determined from the empirical formula from the 
CEB-FIP Model Code 90, given in (Eq. 2-39) and (Eq. 2-40). 
4.1.2. Static equilibrium of Forces 
Each constitutive equation provides a relation between forces and displacements. The model was 
then formulated in term of equilibrium of forces, where the real unknowns were the 
displacements at the extremities of the components. 
The eight degrees of freedom of the system, i. e. the eight nodal displacements, are governed by 
the following static equilibrium equations, Fig. 4-1: 
To -F= O 
(Eq. 4-2) 
T, + T5 - F=O 
(Eq. 4-3) 
T, -F= O 
(Eq. 4-4) 
Tj + Th - F=O 
(Eq. 4-5) 
TQ + T7 - F=O 
(Eq. 4-6) 
T5 - Tasi =0 
(Eq. 4-7) 
Ti + Tssz -T4 =0 
(Eq. 4-8) 
T, -TPA =0 
(Eq. 4-9) 
where F is the applied load, To is the force carried by the steel bar protruding from concrete, T2 is 
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the force carried by the central part of the reinforced concrete tie, T, and T3 are the forces carried 
by the steel bar in the transfer zones, T5 and T6 are the forces carried by the concrete in the 
transfer zones, T4 and T7= Tpc are the forces carried respectively by the steel bar and by the 
concrete in the transverse crack band, and TBS, and TBS2 are the bond forces transferred from steel 
to concrete. 
4.1.3. Fracture mechanics model for splitting 
For this simulation, a model for splitting propagation similar to the one presented in section 3.3.2 
was proposed. However, considering that a numerical analysis rather than an analytical model 
was to be used, a more general approach was adopted. The criterion for splitting propagation was 
derived from the fundamental principal of LEFM, (Eq. 2-4): R= G1. For numerical convenience, 
the partial derivative present in the definition of R was replaced by an incremental formulation. 
Test for the onset of splitting 
In the model, the possible onset of splitting, R= G1, was tested as follows. At a given load level, a 
small splitting crack extent, de, was introduced, and the corresponding variation of the potential 
energy, dH,, was calculated. Splitting was allowed to occur if: 
dfl > dG 
(Eq. 4-10) 
where dG = Ede is the fracture energy consumed, with Fthe fracture energy consumed per unit 
length of splitting crack extent. dH is deduced from a system similar to (Eq. 4-2) to (Eq. 4-9) 
where the total forces are replaced by increments of force. In order to check equilibrium 
following the introduction of the crack, the system was linearised using the tangent stiffness of 
the structure at the load level considered. This system introduced eight additional linear 
equations, along with eight unknowns, i. e. the small variations of the displacements caused by de. 
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Incremental energy equation for splitting propagation 
A further degree of freedom was introduced to account for the actual splitting crack length, e, 
which corresponded to the length of the first portion of the model. The splitting crack was 
allowed to propagate only if (Eq. 4-10) was satisfied. The incremental increase in the splitting 
crack length, de, was calculated using the energy conservation principle: 
Afl+AG=0 (Eq. 4-11) 
with the fracture energy increment AG =T Ae 
and the total energy increment 417 = AUe1 - 
AWexr 
where AUe1 is the sum of the increments of the elastic energy stored in the springs and OW,,, is 
the work done by the external load, F, due to the end displacement. 
(Eq. 4-11) constituted the seventeenth equation of the non-linear system. 
When assessing the fracture energy, T, required, per unit length, for the splitting crack to 
propagate, two cases had to be distinguished. Either the crack propagates dynamically, or the 
process occurs quasi-statically. In the first case, the fracture energy necessary to open the splitting 
crack only is required. In the second case, development of the conical cracks resulting from a 
shift of the bond transfer zone must be considered in the calculation of T. This type of cracking 
cannot generally be neglected as it absorbs a significant amount of energy. Assessing its value 
was however difficult as the exact area of conical cracking was not known and no experimental 
data were available. An approximate assessment has been achieved assuming conical cracks 
radiating 20 mm from the reinforcing bar surface. 
In the following simulations, the fracture processes were assumed to take place quasi-statically, 
satisfying the equilibrium equations at all time. Consequently, conical cracking was included in 
the derivation of T. 
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In a typical simulation, splitting commenced with a stable progression phase before reaching the 
instability threshold given in (Eq. 2-12). At this level, splitting occurred at constant load. This 
load level could not be exceeded since the second variation of the energy release rate became 
positive beyond this point. 
4.1.4. Continuation and bifurcation analysis 
Due to the discontinuous nature of cracking mechanisms and to the bifurcation nature of the 
stability problem, strongly discontinuous non-linearities were to be expected. Therefore robust 
continuation methods and post-bifurcation numerical techniques were required. 
The proposed numerical model reduces to the solution of a system of non-linear algebraic 
equations. The continuation and bifurcation software, AUTO, 72 offers the numerical tools 
necessary to carry out such analyses. The source code was modified to extend the capabilities of 
AUTO so that history dependency and incremental solution of equations could be implemented. 
As advocated in section 2.4.4, full bifurcation analysis techniques are desirable to tackle highly 
non-linear phenomena in a completely general way. The regular Newton-Raphson iteration 
scheme was adopted along with the bifurcation point detection technique and the branch- 
switching algorithm presented in section 2.4.3. This solution method resulted in an entirely 
automated simulation with tracing of all possible branches. The choice of the relevant bifurcated 
branch was left to the analyst. For that purpose, Bazant's thermodynamics criterion was used. 
Since the structure was subjected to a single external load only, this criterion reduced to choosing 
the branch with either the smallest rising slope, the steepest softening slope, or the most dramatic 
snap back. 
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4.2. Benchmarking of the Model against 
Experimental Data 
In order to benchmark the numerical model, experimental tests carried out by Mitchell and 
Abrishami89 (1996) have been simulated. These tests had a wide variation of the parameters and 
suitable data was provided to carry out the analysis. 
4.2.1. Description of Mitchell and Abrishami's tests 
In the tests, prismatic specimens were axially loaded by applying tension forces directly to the 
steel bar protruding from the concrete encasement. The total elongation of the reinforced concrete 
specimen was measured by two LVDTs, clamped to the steel reinforcing bar just outside the 
concrete. The applied load versus the average member elongation was plotted and a precise 
cracking history was provided for each specimen. 
All the specimens had a length of 1500 mm. Two different concrete strengths were used: a normal 
strength concrete, UC (with fý = 34.9 MPa and f, = 0.9fýp = 2.79 MPa) and a high strength 
concrete, HUC (with f, = 90 MPa and f, = 0.9J ,=5.67 MPa). An average 
free shrinkage strain of 
about -0.3x 10-3 was measured. Four steel bar diameters were used, along with four corresponding 
concrete cross-sections. Table 1 presents the details of the ten specimens tested. 
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Table 4-1: Details of the pulled specimens (adapted from Mitchell and Abrishami) 
Rectangular Bar Steel Average Maximum Specimen 
cross-section diameter yielding 
Type F`r 
transverse 
bxH (mm) dh (mm) stress 
A j, `L crack spacing crack spacing 
f. (MPa) of ** sa (mm) Smax (mm) 
crack 
UC-10 90 x 90 11.3 420 T - 167 200 
UC-15 95 x 170 16 490 T-S 1.00 214 295 
UC-20 100 x245 19.5 440 T-S 0.37 375 430 
UC-25 105 x 387 25.2 440 S 0.22 - - 
UC-30 110 x 515 29.9 530 S 0.19 - - 
HUC-10 90 x 90 11.3 420 T - 167 300 
HUC-15 95 x 170 16 490 T-S 0.42 500 750 
HUC-20 100 x 245 19.5 440 S 0.36 - - 
HUC-25 105 x 387 25.2 440 S 0.26 - - 
HUC-30 110 x 515 29.9 530 S 0.18 - - 
*Note :T= transverse crack; S= splitting crack 
"Note: Fp = applied load at onset of visible splitting crack 
A, f,. = force in reinforcing bar while yielding 
4.2.2. Simulation of the tests 
The ability of the computer code AUTO to identify bifurcations and the continuation facilities are 
sophisticated enough to find, easily, the converged path. A small load step was initially specified, 
AUTO was then able to carry out the simulation without any external intervention. Small load 
steps were also chosen to reduce the order of the numerical approximations as much as possible. 
This was particularly important when tracing the post-bifurcation branches. A typical simulation 
required several thousands steps. 
The simulation produced the history of the displacements versus the applied 
load, the evolution of 
the splitting crack and the opening of the transverse crack. 
In order to compare the predicted 
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response with the experimental data, the extremity displacement versus the applied load has been 
plotted, Fig. 4-3, for the ten specimens. 
As discussed in section 4.1.3, the assessment of the conical cracking contribution to the fracture 
energy consumption is only approximate and some tuning is necessary. In these simulations, the 
assessed conical crack area was multiplied by a tuning factor of 1.5 to fit the splitting failure of 
HUC-15. This factor was then kept equal to 1.5 for all the other specimens. 
Shrinkage has an effect on the tensile response of the specimens. Radial shrinkage could be 
responsible for a decrease in the load of first conical and splitting cracking, but has no effect on 
the onset of unstable splitting crack propagation and will be ignored. The effect of longitudinal 
shrinkage has been taken into account in the following way. It was assumed that the restraint 
provided by the steel bar was small enough for the shrinkage of the specimen to be equal to the 
free shrinkage (-0.3x10-3). Thus, in the unloaded shrunk specimen, the stress of the reinforcing 
bar was assumed to vary along the bond transfer length from zero outside the concrete, to the 
compressive stress corresponding to a strain of -0.3x 10-3. The concrete was subjected to the 
tensile forces that were required to balance the compressive force in the bar. Because the steel bar 
was assumed to behave linearly, it was noted that the previously described state of stress is 
equivalent to applying a pull-out force which would result in the same stress drop in the steel to 
the one caused by shrinkage. Consequently, simulation has been carried out without adding initial 
stresses, but the origin of the axes has been shifted to the point of the curve for which the stress 
drop in question was obtained in the reinforcing bar. 
Softening could be due to transverse cracking, splitting or both simultaneously, termed mixed- 
mode. The mode observed experimentally is indicated on each graph. The visually observed onset 
of splitting has been indicated by a dot on the experimental curves. 
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Fig. 4-3: Comparison of test results and predicted response 
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Fig. 4-3: Comparison of test results and predicted response (continued) 
The present model is limited to the prediction of three transverse cracks (this is due to the limited 
number of degrees of freedom used, and could be easily extended). Therefore, for the specimens 
in which transverse cracking mode dominated, the simulation was stopped at an early stage, at the 
beginning of softening. When splitting occurred, the behaviour could be traced up to the total loss 
of bond between steel and concrete throughout the entire length of the specimen. Once full 
splitting was achieved, the behaviour was the response of the reinforcing bar alone. 
When transverse cracking occurred after splitting had begun, the extent of the splitting crack is 
given as a percentage of the total length. At these points, horizontal arrows have been drawn to 
mark the possibility of "snap-through" for a test realised under load-control, Fig. 4-3 (c) and (e). 
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This is due to the fact that, while the simulation followed the static path of the system, the actual 
experimental response may have jumped dynamically over the "valleys" of the predicted path. 
4.2.3. Discussion 
The plots, Fig. 4-3, comprise the following, the experimental data obtained from the paper by 
Mitchell and Abrishami, 89 the response of the steel bar only deduced from the steel bar properties, 
and the numerical prediction. It can be seen from the plots of the results that the proposed 
numerical model is able to accurately predict the load-deflection response up to the onset of 
cracking and to a varying degree beyond first cracking. 
In tests UC-10 and HUC-10, Fig. 4-3 (a) and (b), the failure occurred due to the yielding of the 
reinforcement, following the development of a number of transverse cracks. As explained 
previously, the current model allows for the development of only three transverse cracks in the 
specimen length. It can be seen that the prediction of the onset of transverse cracking compares 
favourably with the experimental results for UC-10, however, the prediction for HUC-10 is not so 
good. 
In the splitting mode failures, the onset of splitting is accompanied by a development of the crack 
at constant load, e. g. A-B, Fig. 4-3 (f). The numerical predictions beyond point B have been 
ignored because, at this stage, the load would be carried by the reinforcement alone. In fact, in 
some cases, the numerical model predicts that the zone between the transfer zones has zero length 
just prior to reaching B. The point at which this occurs is shown by a triangle on the splitting 
plateau. The discrepancies between the predictions and the experimental results at, for example, 
point B are considered to be due to the simplified modelling of the transfer zones. In the model, 
the zones are shorter than in the specimen and therefore the interaction between the zones, when 
they begin to overlap each other is postponed in the model. 
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The average value of longitudinal shrinkage was used in all the analyses because no detail of its 
variation was given in the experimental data. This may explain the discrepancy between the 
computed load and the experimental load at onset of splitting for specimen UC-30, Fig. 4-3 (i). In 
all the other tests in which splitting occurred, Fig. 4-3 (f) to (h) and (j), it can be seen that the 
model predicted the load-displacement, the mode of behaviour, and the onset of cracking 
accurately. 
In the analysis of the mixed mode failures, specimens UC-15 and UC-20, the splitting crack 
appeared first and propagated some way along the specimen before a transverse crack formed. In 
the case of UC-15, it had propagated along 2.2% of the length of the specimen, before the 
transverse crack formed. The splitting crack continued to form with increasing load until it 
reached a stage at which it propagated under constant load. When the crack was fully formed, the 
load was carried by the reinforcement. In the case of HUC-15, Mitchell et al. stated that it was a 
mixed mode failure even though the splitting crack appeared at a relatively low load and 
displacement. The analysis predicted a splitting failure. It should be noted that the longitudinal 
tensile stress in the concrete during the splitting failure is approximately 80% of the concrete 
tensile strength, so it is possible that transverse cracks would appear in a physical test. 
In conclusion, the proposed model proved to be successful, especially the adoption of the LEFM 
criterion for splitting propagation. Consequently, the analytical formula derived from the similar 
approach, presented in section 3.3.2, can be used further in structural models with a good level of 
reliability. The only point to remain unclear is the assessment of the fracture energy consumed by 
conical cracking. More experimental data are needed to determine the parameters influencing its 
variation. 
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4.3. Shear Failure of Reinforced Concrete Beams 
without Stirrups 
Confidence has been gained in the fracture mechanics model for splitting propagation. It is now 
possible to apply the model to a structural problem for which failure is triggered by splitting. The 
flexural shear failure of slender beams has been modelled analytically by many authors with little 
success. In each case, an erroneous failure mechanism was assumed. Starting from the 
phenomena observed experimentally, a fracture mechanics model is designed where failure is 
triggered by splitting. The model is checked against an empirical formula. 
4.3.1. Phenomenological approach 
Leonhardt and Walther (1962) 105 have shown that, if the reinforcement ratio, p, is kept constant, 
the mode of failure of rectangular reinforced concrete beams without stirrups depends on the 
shear span-to-depth ratio, a, /d. For a reinforcement ratio of 1.88%, shear failure is more critical 
than flexural failure for shear span-to-depth ratios between I and 7. Two types of shear failures 
have been identified: 
- web shear failure for a, /d < 2.5, characterised by a compression failure under the application 
point of the load after diagonal shear cracks have appeared in the web, 
- flexural shear failure for a, /d > 2.5, characterised by flexural cracks extending into diagonal 
shear cracks, ultimately developing through the concrete compression zone, which results in 
failure. 
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While the failure mechanism of the web shear failure is known to correspond to the ultimate 
capacity of the arching mechanism taking place in short beams, the failure mechanism of the 
flexural shear failure has not been clearly identified. Kani (1964)106 proposed a model based on a 
comb analogy, where "teeth" of concrete between adjacent shear cracks are considered to act as 
cantilever beams subjected to a point load at their extremity by the main reinforcement. In this 
model, structural failure results from flexural failure at the root of the tooth. Kani's model is 
known to underestimate significantly the shear capacity. This is the reason why many researchers 
have carried out experimental investigations to try to identify the failure mechanism involved in 
the flexural shear failure. 
Based on experimental results, the following major shear transfer mechanisms have been 
identified: 
- shear stresses in the uncracked compression zone of concrete, 
- inclined compression force in the compression zone corresponding to arching action, 
- interface shear transfer along the diagonal shear crack through aggregated interlock, 
- residual normal stresses across the diagonal crack due to strain softening, 
- dowel action of the longitudinal reinforcement. 
The concrete contribution to shear (the four first components) can be measured to carry most of 
the shear force. Therefore the dowel action was usually ignored in early models. However, it was 
shown by Chana (1986)107 that the longitudinal reinforcement controls the capacity of the other 
mechanisms inasmuch as it prevents the diagonal crack from opening, which controls aggregate- 
interlock and strain softening, and inasmuch as the longitudinal reinforcement controls the extent 
of the diagonal crack into the compressive zone, which would result in a reduction of the area of 
uncracked concrete carrying shear. 
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0 
Fig. 4-4: Cracking pattern of a reinforced concrete beam failing in flexural shear 
Chana (1988)108 used high speed photography and continuous recording of crack widths at critical 
locations to investigate the history of the mechanisms occurring in the flexural shear failure. A 
typical cracking pattern of a slender beam without shear reinforcement failing in flexural shear is 
shown in Fig. 4-4. Chana showed that the first crack to open is the horizontal splitting of concrete 
at the level of the main reinforcement, closely followed by the opening and the extension of the 
pre-existing diagonal shear crack, resulting in the failure of the concrete compression zone under 
a combination of compression and shear stresses. It was concluded that the compression zone is 
intact at the onset of failure, and that the flexural shear failure is triggered by dowel cracking, i. e. 
splitting cracking. 
4.3.2. Review of existing models 
Flexural shear failure has been extensively studied over the years, leading to the development of 
many empirical laws and analytical models. For slender beams, however, no analytical model 
yields satisfactory results. Consequently, design code approaches are still based on empirical 
formulae. 
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Empirical methods 
The first empirical formula to be developed is due to Zsutty (1968)109 and (1971)10 who derived 
two formulae from a dimensional and a regression analysis. Using the experimental data for 86 
slender beams led to the formula: 
V., =2210" f, p 
dy 
bd 
a s 
with V, in kN, f in MPa, b and d in m. 
(Eq. 4-12) 
Based on the experimental data for 108 short beams, Zsutty developed the slightly different 
formula: 
X 
VV, = 5430 " (fc p)'3 
d 
bd 
a s 
with VcrinkN, ffinMPa, banddin m. 
(Eq. 4-13) 
The British design code for the structural use of concrete, BS 8110"', adopted a similar equation, 
probably adapted from Zsutty's formula, where an extra term is added to reflect the size effect: 
v= 
790 
100n ý3 
0.4 X 
i. bd (Eq. 4-14) 
Ym 25 
with Vcr in kN, ff in MPa, b and d in m, 
where 100p < 3,400/d > 1, ff < 40 MPa, and y,,, is a safety factor equal to 1.25. 
The ACI building code (1963)12 adopted a formula based on a different approach. The shear 
capacity of a beam without stirrups is divided into a concrete contribution and a longitudinal 
reinforcement contribution: 
V., = 16V f, +17pV x103bd M 
<_ 290 fý. bd 
with Vc, in kN, ff in MPa, b and d in m. 
For a number of reasons this equation is now considered inappropriate. 
(Eq. 4-15) 
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An alternative, simplified, formula is proposed in the ACI building code (1989)113 , 
ACI 318-89, 
where the shear capacity is assumed to be entirely dependent on the concrete contribution: 
VC, =1 70. Jýbd 
with Vc, in kN, ff in MPa, b and d in m. 
(Eq. 4-16) 
More recently, Okamura and Higai (1980)14 and Niwa et al. (1986)15 have developed a new 
empirical formula from experimental data. They obtained the same power laws for the concrete 
strength and the reinforcement ratio as (Eq. 4-12). A size effect term similar to the BS 8110 was 
also derived. However, the approach produced a completely different term to take account of the 
role of the shear span-to-depth ratio: 
V= 200 
(100p)y 
cr 
4 dý/4 
Y 10.75 + 1.4d d 
a 
(Eq. 4-17) 
with Vcr in kN, ff in MPa, b and d in m. 
The CEB-FIP model code (1990)5 suggests the most sophisticated formula. Zsutty's power laws 
are adopted and an extra size effect term is added: 
0.2 Y 3d y V., =150.1+ d3 (100p)13 fc 3- bd (Eq. 4-18) ýa, 
with Vc, in kN, ff in MPa, b and d in m. 
Simple strut-and-tie models 
Simple strut-and-tie models, derived from the lower-bound theorem of plasticity, predict the 
failure of deep beams where most of the shear force is carried by arch action. For these models 
the tensile strength of concrete is neglected and the concrete contribution is assumed to be carried 
by a single inclined strut. The longitudinal reinforcement is assumed to be anchored well behind 
the support. Two failure mechanisms are considered: 
- failure of concrete 
in bi-axial compression over the support or under the load, 
- yielding of the reinforcement. 
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Nielson et al. (1978)' 16 worked out the ultimate shear capacity from this model. Defining the 
mechanical reinforcement ratio as follows: 
(v =P fl 
For co < 2/3, the beam fails by steel yielding: 
(Eq. 4-19) 
V= 
fbH z 0)(I - w/ 2) (Eq. 4-20) 
" a. s 
l+w/2 
For w> 2/3, the beam fails by concrete crushing: 
V =f`bH2 `r 4a (Eq. 4-21) 
More sophisticated patterns of the force flow may be envisaged by incorporating the general tools 
of stress field analysis: models including fans, arches and bands allow for a proper consideration 
of distributed loads. 
Truss models with concrete ties 
Several authors have tried to generalise the strut-and-tie model to shear failure of slender beams. 
Marti (1980)"7 extended the plasticity approach by using a Mohr-Coulomb yield criterion for 
concrete that includes tensile stresses. Al-Nahlawi and Wight (1992)"g proposed a truss model 
with concrete compression struts inclined at either 45 deg. or 35 deg. and concrete tension ties 
perpendicular to the struts. Reineck (1991)19 showed that these truss models with concrete ties 
comply fully with Kani's tooth model. 
However, it appears clearly that a different approach is needed to capture the shear failure of 
slender members without stirrups, for which the failure mechanism differs significantly from the 
ones assumed in the truss models. 
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Modified compression field theory 
Collins and Mitchell (1996)120 developed a more general approach to shear, the modified 
compression field theory, which is used as the basis for a unified approach to shear in reinforced 
concrete. This theory can be implemented in different ways with varying levels of complexity, 
from a full non-linear finite element analysis, to a multi-layered sectional analysis, to the simplest 
case where only the crack width at the level of the longitudinal reinforcement is considered. The 
latter case, that is the most suitable for design, is analogous to a variable-angle truss model with 
diagonal concrete ties. 
The crack pattern is idealised as a series of parallel cracks all occurring at an angle 0 to the 
longitudinal reinforcement. In lieu of following the complex stress variations in the cracked 
concrete, only the average stress state and the stress state at the crack are considered. As these 
two states are statically equivalent, the loss of tensile stress in the concrete at the crack must be 
replaced by increased steel stresses, or, after yielding of some of the reinforcement at the crack, 
by shear stresses along the crack interface. The shear stress transmitted across the crack will be a 
function of the crack width, w. Thus, the shear resistance of a diagonally cracked member is 
given by: 
v= cr 
0.18jf-ýbd 
(Eq. 4-22) 
0.3+ 
24w 
d +16 Ogg 
where w is the crack width in mm and ff the compressive strength in MPa. 
w is derived from the calculated crack spacing and the crack inclination. The inclination of the 
diagonal cracks is calculated using a strain compatibility procedure involving average stresses 
and average strains. 
The failure mechanism considered in the modified compression field theory is the yielding of the 
steel, the crushing of the concrete and the loss of the concrete contribution due to aggregate 
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interlock along diagonal cracks. However, the dowel action and the splitting crack being ignored 
in this approach, the failure mechanism described by Chana cannot be predicted. 
Fracture mechanics approach 
The existence of a size effect observed in the experimental results, prompted several researchers 
to applied fracture mechanics to the shear failure. Gustafsson and Hillerborg (1988)121 
investigated the diagonal shear strength using the cohesive crack concept, with the objective to 
show that a size effect can be predicted theoretically. The Gustafsson-Hillerborg model assumes 
that a single polygonal cohesive crack with linear softening is formed, while the bulk of the 
concrete remains linear elastic. The behaviour of the steel is assumed to be linear elastic all the 
time. An elastic-perfectly plastic law is adopted for the bond-slip curve. The failure criterion 
adopted is the crushing of the concrete. 
Different cracking patterns were investigated numerically. Using the foregoing approach, 
Gustafsson and Hillerborg analysed the influence of the size, the steel ratio and the shear span-to- 
depth ratio. They concluded that a size effect law with the form 
k 
could be adopted. 
dy 
Bazant and Kim (1984)122 and Bazant and Sun (1987)123 developed a set of phenomenological 
equations to describe the dependence of the diagonal shear strength on the size, shape and steel 
ratio of beams failing in diagonal shear. Once again the analysis focused on the size effect, using 
a size effect correction approach introduced by Bazant. The shear strength is assumed to result 
from the combination of the arching action and the composite beam action. The summation of the 
two components yielded a formula similar to the ACI building code empirical law. This equation, 
however, gives little explanation of the structural behaviour and the experimental data display a 
large scatter around the predicted failure load. 
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A more physical approach was adopted by Jenq and Shah (1989)124 who applied their two- 
parameter NLFM model to the shear failure. The non-linear fracture mechanics of the diagonal 
crack is investigated. The ultimate shear capacity is supposed to be obtained as the summation of 
the contributions from steel and from concrete. The concrete contribution is derived using the 
fracture mechanics model while the steel contribution is estimated considering the average 
ultimate bond stress, assumed to be proportional to the embedded length. 
Later on, So and Karihaloo (1993)2 pointed out that this approach was over simplified as it 
ignores the influence of reinforcement on the fracture behaviour of concrete, which was 
confirmed by the large discrepancy between the predicted and the measured shear capacity. 
Thus, Karihaloo was the first to introduce a failure criterion for longitudinal splitting, where the 
maximum bond stress is derived from Van der Veen's model. Karihaloo concluded that by taking 
into account the bond-slip relationship, the dowel action and the aggregate interlock, it would 
appear that the modified Jenq-Shah technique predicts the shear capacity accurately. 
This result emphasises the importance of modelling the correct failure mode. Karihaloo is the 
only one to adopt a failure criterion, i. e. splitting by dowel action, in agreement with the failure 
mechanism described by Chana, and, as a matter of fact, Karihaloo's model is the only one to 
yield satisfactory results for the shear capacity of slender beams. With this conclusion in mind, 
the fracture mechanics model developed for splitting propagation is applied to the flexural shear 
failure of slender beam and is compared with the CEB-FIP empirical formula. 
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4.3.3. Fracture mechanics model for 
flexural shear failure by splitting 
Identification of the critical failure mechanism 
From Chana's experimental observations, it is clear that the release of the main reinforcement by 
splitting controls the opening and the extension of the diagonal crack. As long as no splitting has 
occurred, the unbonded length of the longitudinal steel is limited, thus preventing the opening of 
the diagonal crack. Once splitting has begun, the steel bar is released from its concrete 
encasement. The drastically reduced stiffness in tension allows the diagonal crack to open and 
extend, while a rotation about the tip of the diagonal crack occurs, Fig. 4-5. Ultimately, the 
remaining concrete ligament is strained to the crushing limit, resulting in the structural failure. 
This failure mechanism is the most likely for the flexural shear mode. Splitting cracks appearing 
at the level of the longitudinal reinforcement and extending towards the support can be observed 
on many structures that failed in flexural shear. However, it is possible, if a low reinforcement 
ratio is used that a similar yet different type of failure occurs. 
V 
advance of splitting 
r 
M, (5e 
Fig. 4-5: Failure mechanism for flexural shear failure by splitting 
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While most of the time splitting is more critical than the yielding of the steel bar, it can happen 
that the steel yields before splitting, resulting in the same opening of the diagonal crack and the 
same ultimate crushing of the concrete after rotation. In this case, the use of plasticity theory 
would be appropriate. This study, however, is limited to the modelling of the shear failure by 
splitting. 
Formulation of the fracture mechanics model 
The formulation of the model is based on the fundamental relation of fracture mechanics, 
bG = '/2 öWeXt, as deduced for the failure load of a structure, (Eq. 2-16). The mechanism 
producing the external work is the rotation under constant load about the tip of the diagonal crack. 
In order to calculate the energy release, the rotational stiffness of the beam needs to be 
determined. To that aim, the bulk of uncracked concrete and the embedded reinforcement are 
considered to behave as a rigid body. The rotational stiffness depends on the axial and the dowel 
stiffness of the longitudinal reinforcement, itself depending on the extent of splitting releasing the 
reinforcing bar. The stiffness is worked out considering the free body diagram, Fig. 4-6. 
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Fig. 4-6: Free body diagram and notation definition 
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Fig. 4-7: Reinforcing bar deformation - geometric considerations 
The axial and shear force in the steel bar crossing the diagonal crack can be linked to the angle of 
rotation, 0, using the elastic properties of the bar and some geometric considerations, Fig. 4-7, 
and assuming the angle of the diagonal crack, 0, to be 45 deg.: 
FS=ESASAus_E. cAsye (Eq. 4-23) JS i55 
Vd Avs =9 
Es AS 
yo (Eq. 4-24) 26 1., 
where G_, is the shear modulus of steel, L, is the reduced cross-section of the bar and S, is the 
unbonded length of the reinforcement. In (Eq. 4-24) the well-known results from the engineer's 
beam bending theory, for a circular cross-section, are used: 
ES =0.9"As 
_ 
ES 
_9E S GS 2(1+l ) 26 
The equilibrium of the free body is given by the following set of equations: 
F=F. 
V. +Vd =V 
V-a,. =Vd"y+F-d 
(Eq. 4-25) 
(Eq. 4-26) 
(Eq. 4-27) 
(Eq. 4-28) 
(Eq. 4-29) 
The diagonal crack extent, y, and the effective depth, d, are assumed to be proportional to the 
height of the beam, H: v= ßH and d=W. 
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(Eq. 4-29) can then be rewritten using (Eq. 4-23) and (Eq. 4-24): 
V. Q. =, 3 
9+yE. A. 
s H2 (Eq. 4-30) 
26 
s 
which provides a formula for the rotational stiffness. 
Differentiating this expression about the unbonded length, c,, yields: 
JO =Ja, 
Ss V=ay 
A. 
c 
ES ß9 ß+ A, ES ß9 8+ (Eq. 4-31) 
26 26 
where &e is the variation of the unbonded length, i. e. the variation of the extent of the splitting 
crack. 
It is now possible to write the fundamental relation of fracture mechanics as a criterion for 
splitting failure: 
BWcxl = 25G (Eq. 4-32) 
ac Vcr "50=2F"Se (Eq. 4-33) 
where G is the fracture energy necessary to extent the splitting crack by one unit length. 
Substituting (Eq. 4-3 1) into (Eq. 4-33) gives the expression for the critical shear load: 
2 
V0; - 
ßh 9+ 
2YSE, F (Eq. 4-34) Ia, 13 ý3 
V, = 
FT93 
+2Y"h FA. c 
E. 
s (Eq. 
4-35) 
ý. /3 ac 
with V,.,, T, A., and ES in S. I. or alternatively, Vcr in kN, T in kN. m/m, A, in mm' and E, in GPa 
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It is possible to make a certain number of assumptions without loosing much generality of the 
formula: 
d=y"H=0.9H 
y=ß"H=0.8H 
dagg = 20 mm 
The two first assumptions are motivated by experimental observations, and the third assumption 
corresponds to the concrete mix commonly used. Using the CEB-FIP formula for the assessment 
of the fracture energy, (Eq. 2-40), and assuming a dynamical mode of failure, i. e. only the 
fracture energy from the splitting crack is required, it is possible to simplify the formula: 
Vcr=4.517"H. fO. 35 A 
a 
(Eq. 4-36) 
with Vcr in N, ff in MPa, A, in m2, E, in N/m2, and b in m or alternatively, Vs, in kN, ff in MPa, A,, 
in m2, E in GPa, and b in mm 
The difficulty resides in the determination of the position of the critical diagonal crack, a,. Kim 
and White (1991) postulated the same failure mechanism and adopted a mixed approach, half 
physical, half empirical, to predict the flexural shear cracking and the position of the critical 
diagonal crack. The point of first shear cracking is obtained considering that a diagonal crack 
forms from a flexural crack when the tensile strength of concrete is reached due to bond stress 
concentration at the steel bar level, near the flexural crack. Kim and White determined two curves 
varying along the beam length, which are conditions for diagonal cracking. The first one is the 
existence of a flexural crack. This capacity decreases monotonically along the length of the beam: 
V =M" =k 
Pfýbd2 
ac ac 
where k, is an empirical factor. 
(Eq. 4-37) 
The second condition is the bond stress reaching the tensile strength of concrete. This capacity 
increases monotonically along the beam length: 
V,, - k, `1 -f`a` bd - P`) a 
where k2 is an empirical factor. 
(Eq. 4-38) 
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The point of critical diagonal cracking is then found at the intersection of the two curves. By 
equating the two formula: 
2 
d 
A- 
a 
a, -k 3a., (1 
_ 
Vps )2 (Eq. 4-39) 
Few experimental data are available to check the position of the critical diagonal crack. However, 
Kim and White found 14 experimental results in the literature, which they used in a statistical 
analysis to determine the coefficient k3. The numerical value suggested, although a large scatter 
was observed, is 3.3. 
Substituting (Eq. 4-39) into (Eq. 4-36) provides a predictive analytical formula for the flexural 
shear capacity: 
i 3 
vr_1.109 
H (1 
_-3Ps 
'6 fco. 3s E., bH 
ac 
l 11ý' 
(Eq. 4-40) 
The first term corresponds to the size effect, as expected from a linear elastic fracture mechanics 
analysis. The second term takes into account the slenderness of the beam. The third and fourth 
terms of the equation reflect the reinforcement ratio influence and the fifth term the influence of 
the concrete strength. 
4.3.4. Benchmarking of the Model Against an 
Empirical Formula 
It is important to check the analytical formula against experimentally derived data. Agreement 
between the formula and the experimental data will help confirm the assumed failure mode. Since 
experimental flexural shear failure loads are typically largely scattered, the model was 
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benchmarked against an empirical formula rather than directly against the experimental results. It 
is believed that the large scatter is mainly due to the variation in the fracture energy required per 
unit length of splitting crack extent, as the mode varies between dynamic and quasi-static failure. 
The empirical formula of the CEB-FIP provides a lower bound of the flexural shear failure, and 
as such, it should correspond to the dynamical mode of failure. 
Comparison 
To allow the comparison with the CEB-FIP formula, the elastic modulus of steel, E,., is set to 205 
GPa in (Eq. 4-40). Rearranging the equation and adopting the format of the CEB-FIP formula, 
(Eq. 4-40) becomes: 
Y. bd (Eq. 4-41) Vý., =150- 
1.183 3d 3 (100. P, ) 
23 
f 
Qs 
[kN] [m] [MPa] [m] " 
[m] 
where the following assumptions have been made: 0= 45°, r= 0.9,8 = 0.8, d,, gg = 20 mm, 
ES = 205 GPa and the failure is triggered by unstable dynamic splitting. 
This formula has to be compared with the CEB-FIP formula, recalled here: 
Fd 3d y Vr =150.1+ 
as 
kN] [m] [ 
100"Ps)y3. fey "bd 
[MPa] [m] . 
[m] 
(Eq. 4-42) 
It is remarkable that the slenderness term and the concrete strength term correspond nearly 
exactly (the slight discrepancy between the power off, 
is due to the approximate power, 0.7, used 
in the assessment of the fracture energy, Gj). 
The discrepancy in the size effect term can be due to two reasons. Either the LEFM 
approximation does not yield a realistic size effect on the whole range of variation of 
the size of 
the structure, and in this case a non-linear size effect correction procedure as proposed 
by Bazant 
and Planas (1998) could be adopted. 
Or the size correction term inserted in the CEB-FIP formula 
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is not realistic, as already pointed out by Bazant. As a matter of fact, the size effect term of the 
CEB-FIP formula displays a curvature opposed to the one predicted by the NLFM theory. 
Nevertheless, when the two terms are allowed to depart from ±10%, the range of variation of the 
structural size is within the range of practice: 
1.183 
= 1+ 
200 
V-d ±IO9 d 
for 375 <d< 760 mm. 
The complex form of the reinforcement ratio term derived analytically may explain the 
discrepancy with the empirical term. Once again, when the two terms are allowed to depart from 
±10%, the range of variation of the reinforcement ratio is within the range of practice: 
(100. p, ) 6(I- ps 
z3 
= 
(100. 
ps)ý3 for 0.4<p, <1.2% ±1 O'7 
Discussion 
It is remarkable that the two formulae compare so well, not only in their form but also in the 
numerical constants. This is probably due to the fact that few simplifying assumptions have been 
made to obtain the analytical formula, and that when assumptions have been made, either they are 
very close to the experimentally observed behaviour (0 = 45°), or their value is reliably 
determined (dagg = 20 mm and ES = 205 GPa), or their variation has little effect on the final result. 
As a matter of fact, the initial value of the unbonded length (5,0 has no effect on the final result, 
and the ratio of yto )6 has a small effect: changing the ratio from 1.125 to 1.5, i. e. a variation of 
33%, results in a variation of 12% to the final result. 
Only two parameters in the analytical model have a significant effect and are not very well 
defined. The first one is the empirical coefficient derived by Kim and White based on only 14 
experimental results. The final result is inversely proportional to this coefficient. A better 
assessment of this coefficient should be achieved. This would involve carrying experiments on a 
wide range of variation of parameters, noting the position of the critical diagonal crack. 
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The second critical parameter is the value of the fracture energy required per unit length of 
splitting crack extent. It seems that most of the flexural shear failures observed experimentally 
happen dynamically, therefore requiring only the fracture energy to open the horizontal splitting 
crack. However, it is not clear if the onset of the failure does not happen in a stable quasi-static 
way, therefore requiring extra fracture energy for the displacement of the set of conical cracks. 
This could explain the wide variation observed experimentally. The indeterminacy would 
therefore be inherent to this mode of failure. In any case, the assumption of dynamic failure is a 
safe assumption and any design formula based on this model should adopt this assumption. 
Conclusions 
It should be concluded that the mode of failure assumed, i. e. rotation about the tip of the diagonal 
crack triggered by splitting, is the correct failure mechanism. This conclusion emphasises the 
importance of carrying a rigorous phenomenological investigation prior to any model 
development. The proper failure mechanism must first be identified. Then a model of the 
phenomenon can be designed, taking into account the significant parameters. 
It is believed that an analytical formula is more satisfactory than an empirical formula, as it 
provides physical insight into the phenomenon. From this improved understanding of the failure 
mechanism the design of appropriate strengthening techniques can be envisaged. 
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5. PREMATURE FAILURE OF EXTERNALLY 
PLATED REINFORCED CONCRETE BEAMS 
5.1. Presentation of the Strengthening Method 
The rapid deterioration of the infrastructure is a challenge facing engineers and owners of 
concrete structures and bridges world-wide10'125. Traditional structural rehabilitation methods 
such as external post-tensioning and concrete overlays often suffer from inherent disadvantages 
ranging from difficult application procedures to lack of durability, leaving the growing repair 
and rehabilitation market in need of cost-effective, efficient and durable retrofit techniques. 
The causes of the deterioration of reinforced concrete structures are manifold126. Corrosion of 
the inner reinforcement can be due to the application of de-icing salts or the exposure to an 
aggressive environment. The continual upgrading of service loads including the increase of the 
volume of traffic on bridges has resulted in a large number of bridges requiring retrofitting. In 
addition, many other structures require strengthening for various reasons, for example faulty 
design. These considerations illustrate the great importance of effective renovation techniques 
for existing structures. An appropriate strengthening method must aim at improving both the 
behaviour under service loading and the ultimate capacity. Improving the serviceability of a 
structure includes reduction of the deflections and reduction of the crack widths. Considerations 
for the ultimate state include strength upgrading, ductility and durability improvement. Few 
retrofit methods meet all these requirements. 
Presentation of the plate bonding strengthening technique 
Strengthening of existing structures by gluing steel plates to their tension face has been used 
world-wide for over thirty years and proved to be both an economical and an efficient retrofit 
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technique. Its practical advantages range from the simplicity of application, the minimal effect 
on the structural size and the possibility of application with little disruption to the use of the 
structure. A report on this method was presented at the RILEM symposium 1967127. Following 
this, there were numerous publications and the plate bonding technique found its way into 
practice relatively quickly. More recently, after a significant price decrease of carbon fibre, it 
has been considered that steel plates should be replaced by Fibre Reinforced Plastics (FRP) 
plates or flexible carbon fibre fabrics. The ease of handling the material on construction sites, 
due to the light weight of the FRP composites, helped to reduce, further, the labour cost. The 
first practical use of FRP for the retrofitting of a concrete structure dates from 1992128. Since 
then many other structures have been strengthened with FRP plates or carbon fibre fabrics in 
Europe, Japan and North America. It was shown that the plate bonding technique is a 
structurally sound and a cost-effective method'°. The only drawbacks are the need in certain 
cases for expensive fire protection and the unsuitability of steel plates for installation on 
chloride contaminated structures. 
The strengthening performance of the technique is impressive both at serviceability and ultimate 
loading 129. The first crack load can be doubled and the crack width reduced by 50%, while the 
deflection at a given load can be decreased by 40% at least. In the case of an under reinforced 
beam the bending strength can be doubled, and in the case of an over reinforced beam the 
bending strength can be increased by 50%. However, the improvement in ductility is generally 
not significant. If failure is due to the plate yielding the ductility is satisfying. But, if the failure 
is caused by plate separation or by fracture of composite plate material, the structure is actually 
made more brittle by the strengthening technique. 
Arduini, Di Tommaso and Nanni (1997)130 carried out experiments on reinforced concrete 
beams strengthened with FRP plates. Although the beams did not fail in the flexural mode but 
by plate separation, an increase in the flexural capacity of up to 60% was achieved. Significant 
stiffening was also observed. The strengthened beams displayed a much more brittle failure 
with a sudden falling branch only arrested by the yielding plateau of the unstrengthened beam. 
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The load-deflection curves of Fig. 5-1 show that doubling the thickness of the FRP plate 
resulted in a decrease of the flexural capacity. It can therefore be concluded that over- 
dimensioning is ineffective in avoiding failure by plate separation. 
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Fig. 5-1: Influence of plate gluing on the load-deflection curve 
Details of the plate bonding technique are explained in the following. Before strengthening, the 
condition of the existing structure must be ascertained. The plate bonding work starts with 
preparation of the tension face of the existing structure by sand blasting, to remove the weak 
and greasy top layer. The surface preparation is important as an appropriate level of roughness 
must be obtained to achieve a good adhesion with the epoxy glue, and the surface must be made 
plane enough to match the plate. Subsequently, the clean and primed steel plate or FRP plate is 
placed on a wooden installation beam and the freshly mixed high strength epoxy is poured on 
the inner side of the plate. Then, the wooden supporting beam is mechanically pressed against 
the existing concrete structure. Immediately, the beam and the plate are fixed in place by 
temporary scaffolding. Also, when the scaffolding is applied, pressure is put on the epoxy layer 
and the excess epoxy is pushed aside and removed. An epoxy layer of about I to 2 mm is 
preferable. After a minimum hardening time for the epoxy of about 24 hours, the supporting 
scaffolding is removed and the plate acts as external reinforcement. To obtain satisfactory 
composite action between the plate and the concrete, the quality of the workmanship is very 
important. 
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The characteristics of the various materials used for the plate are summarised in Table 5-1. The 
glue usually used is a two components cold hardening epoxy with very high cohesion and 
adhesion strength, far above concrete tensile strength. 
Table 5-1: Characteristic material properties for the plate 
Mild Steel Carbon Aramid E-glass 
f, (MPa) 240 / 360 3650 3600 2700 
E (GPa) 205 231 130 72 
fatigue 
behaviour good excellent good adequate 
Density, p (kg/1) 7 1.76 1.45 2.5 
v 0.2 -0.2 0.35 0.2 
corrosion 
resistance 
Protection 
needed 
Excellent corrosion resistance 
price 
Very good adequate adequate good 
Strengthening by plate bonding has been applied to various types of structures including flat 
slabs, ribbed slabs, hollow box post-tensioned bridges, tunnel linings and doubly curved precast 
shells. Details of such applications can be found in Rostasy (1993)131, Dereymaeker (1993)126, 
Meier (1995)10, Nanni (1995)132 and Barboni et al. (1997)'33 
Failure modes 
Analysing the results of many experimental data, Arduini and Nanni in 1997' 
34 and 
Buyukozturk and Hearing in 1998125 identified five different possible failure modes for 
externally plated reinforced concrete beams. These can be classified into three groups, flexural 
modes of failure, tensile failure of concrete and adhesive failure of epoxy resulting in 
delamination. 
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b) debonding at plate/concrete interface by reverse 
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C) 
F/2 
d) advancing peeling failure 
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Fig. 5-2: Classification of the failure modes of externally plated reinforced concrete beams 
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plate tensile failure, 
rupture of FRP plate or vieldin2 of steel plate 
F/2 
concrete crushing 
shear failure 
In the first group, two types of failures are distinguished. The flexural failure is due either to 
concrete compression failure under the external load, Fig. 5-2-c, or to the tensile failure of the 
plate, i. e. yielding for a steel plate or rupture for a FRP plate, Fig. 5-2-a. In both cases the failure 
is adequately ductile, although the tensile failure is preferable. When the plated beam fails in 
this mode, very high flexural strength increases are observed. These failure mechanisms should 
consequently be adopted as the preferred design modes of failure, if possible. 
The second group of failure modes includes shear failure of the beam initiated by diagonal 
cracking from the plate end, Fig. 5-2-e, and debonding of the concrete layer resulting in plate 
separation, Fig. 5-2-d. Shear failure is generally triggered either by yielding of the inner 
reinforcement or by splitting of concrete at the level of the inner reinforcement. The debonding 
failure mechanism is characterised by splitting of concrete at the level of the inner 
reinforcement. Splitting either starts from the transverse crack present at the plate end and 
progresses towards the middle of the beam resulting in plate peeling or is triggered by a flexural 
crack and progresses backwards with extensive transverse cracking towards the end of the plate, 
with the same result. All these failure mechanisms are extremely brittle and should be avoided, 
if possible, to achieve safe design. 
The last group of failure modes involves the failure of the epoxy glue, either by loss of cohesion 
or by loss of adhesion. The loss of cohesion is relatively rare and is generally due to poor 
workmanship. The loss of adhesion is more common, especially for FRP fabrics, within which 
fibres are subjected to debonding stresses with uneven concrete surface. The debonding can be 
initiated either from a discrete shear or flexural crack somewhere along the plate, Fig. 5-2-b), or 
from the plate extremity. In both cases, debonding results in the delamination of the entire plate. 
The prediction of the flexural type of failure is relatively straightforward. Several 
researchers 135,136 have concluded that stress equilibrium of the section is applicable in the 
analysis of the flexural failures at an ultimate moment Mu. Using the customary assumptions of 
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the engineer's bending theory, and assuming that the inner reinforcement is yielding, the 
ultimate moment given by the tensile failure of the plate is formulated: 
Mu As 
1y +fp 
Ap Hy 
bd Zfff, A, d f, A, dd (Eq. 5-1) 
where y is the distance from the centroid of the concrete compressive stress distribution to the 
top fibre. 
The ultimate moment given by the compression failure of concrete has a similar formulation: 
M. cn H /'' 1 c,, , A, [ = 0.853, ---- =- - -1 (Eq. 5-2) bd Z fc dd 2d f, A, d 
where c, is the depth of the neutral axis from the top fibre, 81 is an empirical constant depending 
on the concrete strength, and ß, c is the depth of the equivalent rectangular compressive stress 
block. 
Several analytical models have been developed by Jones et al. (1988) 137 and by Roberts et al. 
(1989)138 138,139 to attempt to predict the debonding failure, also called peeling failure. These 
models are all based on the linear local stress concentration at the plate end, assumed to be 
responsible for the peeling of the plate. However, this approach was not conclusive, as the 
material behaviour is highly non-linear in this area. Nanni and Arduini (1997) 134 concluded that 
"this stress concentration is never activated, nor does it control the failure mechanism. " 
Consequently, this approach will not presented here. 
The design engineer has various means of ensuring that the externally plated beam will fail in 
the ductile flexural mode. Delamination can be prevented by achieving a better surface 
preparation, especially checking the levelness of the concrete surface, by ensuring better 
workmanship and by choosing a stronger epoxy glue. To avoid the shear failure, it is possible to 
improve the shear capacity of a beam by gluing plates on its sides 140,141. This solution is 
however not available for slabs. The most difficult premature failure to prevent is the peeling 
failure. It is possible to bolt or anchor the plate at its extremity but the improvement is generally 
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not significant except if the bolts are anchored very deep inside the concrete beam 142. The 
additional work required by the anchoring method increases dramatically the overall labour cost 
and makes the technique less attractive. 
As peeling is the only undesired failure mechanism that cannot be easily prevented, it is of the 
utmost importance to achieve safe and ductile design that the peeling failure is better understood 
and that a predictive method is developed. Thus the following sections are devoted to the study 
and the modelling of peeling failure. 
5.2. Phenomenological Approach to 
Peeling Failure 
The first step to a better understanding of peeling failure is to try and make sense of the various 
experimental observations collected by others. Many researchers have carried out experimental 
tests on plated beams, but only a few have provided valuable phenomenological observations of 
the cracking mechanisms. 
5.2.1. Experimental observations 
Oehlers (1990)143 and Oehlers (1992)1 W was the first to investigate more specifically peeling 
failure. Two types of peeling failure were identified: flexural peeling and flexural-shear peeling. 
The first one can be observed in plated beams with the plate ending in a constant bending 
moment region for which a peeling crack associated with a flexural crack causes plate 
separation. The second type of peeling failure is observed in plated beams with the plate ending 
in the shear span. In this case, failure occurs by the sudden propagation of a peeling crack 
associated with a diagonal flexural-shear crack, Fig. 5-3. 
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Fig. 5-3: Peeling failure of plated beam 
Oehler (l 992) described the typical flexural failure in these terms, Fig. 5-4: " Flexural cracks, 
which were almost vertical, first occurred adjacent to the plate end and these induced a 
a) 
b) 
C) 
C 
~'ýýýý 
d) 
Fig. 5-4: Evolution of the cracking pattern in the flexural peeling failure of plated beams 
a) flexural crack and initiation of peeling crack, b) propagation of peeling crack and opening of 
flexural crack in front of the peeling crack, c) further propagation of the peeling crack, 
d) ultimate load. 
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horizontal peeling crack at the end of the plate and at the level of the bottom reinforcement. The 
horizontal peeling crack then progressed gradually to cause debonding [... ]. The debonding 
caused the flexural strength of the plated beam to reduce to that of the reinforced concrete beam 
so that further increases in the applied load then led to flexural failure of the beam. " The 
important points in this description are the fact that flexural cracking takes place prior to 
peeling, and that peeling occurs due to a horizontal crack propagating at the level of the inner 
reinforcement. These observations are very similar to the cracking mechanism of splitting in 
tension specimens or in the flexural-shear failure of beams without stirrups. The hypothesis that 
the peeling crack is actually a splitting crack should then be investigated further. 
Oehlers (1992) described a similar mechanism for flexural-shear peeling, Fig. 5-5: " The first 
crack to form was the diagonal crack [... ]. A further small increase in the load induced a 
horizontal peeling crack at the level of the bottom reinforcement that only propagated slightly as 
the applied load was increased. Shear failure of the beam propagated the peeling crack very 
rapidly, which, in turn, caused the plate to debond as indicated in the test [... ]. Therefore, in this 
specimen, shear failure of the reinforced concrete beam and debonding due to shear peeling 
a) 
b) 
Fig. 5-5: Evolution of the cracking pattern in the flexural-shear peeling failure of plated beams 
a) onset of peeling, b) ultimate load 
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coincided and it is also worth emphasising that both shear failures were very rapid. " It is not 
clear in Oehlers' account if the peeling crack caused the shear failure or if the shear failure 
provoked the propagation of the peeling crack. However, it is clear that the diagonal crack 
appears first and that the shear failure coincides with the unstable propagation of the peeling 
crack at the level of the inner reinforcement. Again, this cracking pattern looks very similar to 
the flexural-shear failure of beams without stirrups, and further analysis should consider the 
possibility of a mode of failure triggered by splitting propagation. 
Several other researchers reported similar cracking mechanism for the peeling failure. Ritchie et 
al. (1991)145 carried out experimental tests on sixteen plated beams and noted that "many plated 
beams failed through the concrete, with cracking initiating from the end of the plate, then 
propagating at about a 45 deg angle up to the internal longitudinal steel, then continuing 
horizontally through the concrete at the level of the reinforcing steel. Swamy et al. (1987)'46 
observed that some of the beams tested "failed by shearing of the concrete along the level of the 
internal reinforcement, effectively ripping off the cover. " And most importantly it was noted 
that "there was no sign of debonding of the glue and concrete or plate prior to failure, nor was 
there any sign of cracking in the glue. The steel bars had not begun to yield either. " This 
confirm that peeling is an extremely brittle failure displaying no warning signals. The absence 
of steel yielding excludes the possibility of flexural-shear failure by yielding and confirms the 
hypothesis of splitting along the inner reinforcement as the cause of flexural-shear failure. 
It is remarkable that all the observations were pointing towards splitting at the level of the inner 
reinforcement as the critical cracking mechanism, and that most of the analytical and numerical 
investigations still concentrated on the interface stresses between the plate and the concrete. It is 
believed that the complex bond stresses arising at the level of the inner reinforcement, including 
the usual bond stresses in the transfer length and the extra tensile stresses transferred from the 
steel bar to the plate, are more critical than the stress concentration at the interface between the 
plate and the concrete. 
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5.2.2. Mechanism of crack formation 
In order to gain more physical insight into the cracking mechanisms involved in the peeling 
failure, a 2D non-linear finite element model was developed. The flexural type of peeling failure 
was chosen to limit the complexity of the model. The aim of this simulation is to prove that the 
critical area for peeling is located at the level of the inner reinforcement and not at the plate- 
concrete interface. Analogy with the splitting mechanism will be closely examined. 
Limits of the study 
First of all, it is important to state clearly the scope covered by this analysis. The limits adopted 
are as follows: 
- It has been chosen to investigate the flexural type of peeling failure only. That is the reason 
why a portion of a plated beam subjected to a constant bending moment will be considered. 
- In order to provide insight into the failure mechanism, the model will be highly refined near 
the area at the end of the plate and particular attention will be paid to the modelling of the 
connection between the concrete and the inner reinforcement. 
- It is assumed that the global phenomenon can be adequately simulated by a 2D model. 
- The non-linear simulation will be carried out up to the load level causing the onset of the 
peeling crack, termed the serviceability load by Oehlers. The aim is to identify the mechanism 
causing peeling, but not to simulate the failure up to the ultimate load, as it is believed that a 
more complex model is needed to account for the 3D effects involved in the progress of the 
peeling crack. 
Within these limits, the model boundaries adopted for the non-linear analysis remain valid: only 
a portion of the plated beam, delimited by two assumed flexural cracks, is considered. The 
position of the first flexural crack, precisely at the end of the plate is not controversial, as it is 
always observed experimentally. However, the position of the second one, further along the 
plate, was not founded on experimental evidence as the stitching effect of the plate prevents the 
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flexural crack from becoming visible to the naked eye. Consequently, it has been chosen to 
place the second flexural crack far enough from the plate end not to interfere with the 
phenomenon arising on the face of the first flexural crack. This point is further emphasised by 
the following observation. Assuming that the cross-sections remain plane, that the normal 
compressive stress distribution is triangular, and ignoring the tensile contribution of concrete, it 
can be calculated using the engineer's bending theory that the tensile strain in the plate would be 
lower than the concrete cracking strain at up to 70% of the serviceability load, as defined by 
Oehlers143 regarding the onset of peeling. It is therefore strongly advisable to place the second 
flexural crack as far as possible from the plate end since it does not actually arise until a late 
stage in the simulation. 
Using (Eq. 3-8) for the calculation of the transfer length, a minimum distance of 150 cm is 
calculated for the specimen considered. Consequently, a length of 200 mm has been chosen for 
the length of the portion. 
It should be noted that the following simplifying assumptions have been made for the definition 
of the normal loading on the two boundary cross-sections: 
- The flexural cracks are assumed to extend up to the neutral axis, and, accordingly, no tensile 
contribution of the concrete is considered. 
- The concrete is assumed to have a linear elastic 
behaviour in compression. 
- The local bending moments arising in the reinforcing 
bars and in the steel plate (due to their 
thickness) are assumed not to be significant and will be ignored. 
Description of the specimen chosen for the analysis 
The modelled specimen was chosen to correspond to four of the beams tested in pure bending 
by Oehlers. The geometric features of the specimen are summarised in Table 5-2. 
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Table 5-2: Geometrical features of the specimen 
Unplated depth 150 mm 
Plate thickness 5 mm 
Beam breadth 125 mm 
Concrete cover 20 mm 
Tensile reinforcement 2016 
Compressive reinforcement 2010 
The material properties are the following: 
- Concrete modulus of elasticity, E, = 25 GPa. 
- Concrete tensile strength, f=4.1 MPa. 
- Steel modulus of elasticity, E,, = 205 GPa. 
25 mm 
97 mm 
Z8 mm 
5 mm 
D 
125 mm 
Oehlers reported a serviceability bending moment varying between 4.5 and 6.8 kN. m and an 
ultimate bending moment between 12.6 kN. m and 14.4 kN. m. The average value for the 
serviceability bending moment was 5.5 kN. m. 
rcement 
plate end 
Fig. 5-6: 2D finite element model of a plated beam 
continuous plate 
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Description of the finite element model 
The mesh was made up of three different types of elements, Fig. 5-6: 
- Quadrilateral 8-noded isoparametric plane elements (8x2 DOF) for the concrete. 
- Triangular 6-noded isoparametric plane elements (6x2 DOF) for the concrete. 
- Linear 3-noded beam elements (3x3 DOF) for the steel bars. 
The concrete region subjected to compressive stress was modelled by a relatively coarse mesh 
of quadrilateral elements (squares of 20x2Omm and rectangles of 1Ox2Omm). The region under 
the neutral axis was modelled by a fine mesh of quadrilateral elements (ranging from 
2.5x2.5mm to 5x5mm). The transition between the two regions was achieved by using 
triangular elements. Special care was devoted to keeping an acceptable aspect ratio for all the 
2D elements, as it is known that distorted finite elements yield an over-stiff response. The 
triangular elements were placed outside the regions of stress concentration, as earlier linear 
models proved that the triangular elements were consistently introducing perturbations in the 
stress field because of the inevitable difference of directional bias between the rectangular and 
the triangular elements. Full integration scheme was adopted for all elements. 
Cracking was simulated using smeared cracking along with Hordijk's exponential softening 
curve, (Eq. 2-47). A threshold angle of 90 deg. was chosen for the multi-directional crack 
model. The crack band width was calculated for the elements near to the tensile reinforcement 
layer using (Eq. 2-75). 
The plate thickness may play an important role in the peeling failure. It was therefore decided 
that the plate should not be reduced to linear finite elements: 2D plane elements were used. The 
plate is curtailed at the left end of the model, while it is continuous at the right end. That is to 
say that no external load is applied to the left end steel element, while the right end steel 
element is subjected to a normal tensile force corresponding to the one calculated on the 
assumption that full transfer is achieved, Fig. 5-6. 
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Experimental results, Swamy et al. (1987)146 and analytical studies, Jones et al. (1988) 137 
showed that the thickness of the epoxy layer had little or no influence on the peeling failure. 
This is mainly due to the great difference between the values of the modulus of elasticity of 
steel and epoxy. It was therefore decided to ignore the epoxy layer in the model. Since 
debonding of the plate is not considered in this study, no ultimate bond criterion was 
introduced: full bond was assumed throughout the simulation. This is achieved by direct 
connection between steel elements and concrete elements. 
A sophisticated model of the reinforcement was designed. Link elements were used to tie the 
1D steel elements to the 2D concrete elements. Link elements are linear finite elements, with 
fictitious cross-sectional properties, aimed at connecting different part of a finite element mesh. 
The link elements used in the non-linear model have the following properties: 
- An infinitely small cross-sectional area was chosen (10-10 m2), so that no axial forces may 
be transmitted through these elements. 
-A high inertia in bending is chosen, so that the elements remain straight throughout the 
simulation. 
The link elements were introduced in the mesh, perpendicularly to the beam elements modelling 
the reinforcing bars, at the location of the ribs, every 10 mm along the bars. They were rigidly 
clamped to the beam elements and were connected to the surrounding concrete elements, in a 
band corresponding to the actual bar diameter, Fig. 5-7. 
a 
_ 
Reinforcement Concrete 
Beam elements elements 
Link elements 
Fig. 5-7: Reinforcement modelling by introduction of link elements 
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This modelling technique has the following characteristics: 
- It allows axial tensile forces to be transmitted from the reinforcing bars to the surrounding 
concrete. 
- The steel does not carry any stresses in the vertical direction. 
- The cross-sections of the reinforcing bars are free to rotate. 
- The actual diameter of the bars is taken into account. 
The drawback of this model is that 2D behaviour was assumed, i. e. the concrete lying at the 
same level as the reinforcing bars was assumed to exhibit the same horizontal displacement as 
the bars, throughout the breadth of the beam. It is obvious that this is not what actually happens, 
since the concrete a few millimetres away from the bar is less influenced than the concrete 
directly in contact with it. However it was assumed that the effect of this 3D behaviour is 
negligible and it has little influence on the overall mechanism. 
The simulation was carried out using the regular Newton-Raphson method. A total of 50 steps 
were performed. Most of the steps had a size of 0.025 times the experimental average 
serviceability load. For convergence the internal energy variation was checked. Convergence 
was reached at each step up to 1.1 times the average serviceability load, M. 
Interpretation of the results of the model 
The outcome of this simulation provides a valuable insight into the phenomenon up to the 
serviceability load. The results were analysed in the light of the experimental observations 
presented in the preceding section. 
As expected, the critical tensile stresses did not appear at the interface between plate and 
concrete, where the peak tensile stress at M, reached 1.75 MPa only. However, a concentration 
of vertical tensile stresses was clearly visible around the first rib. The core of the tensile region 
was located just behind the first rib. From this focal point, the tensile region branched and 
radiated towards the steel plate, Fig. 5-8 and Fig. 5-9. 
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Fig. 5-8: Distribution of vertical stresses - tensile hoop stresses concentration 
Fig. 5-9: Vertical stresses - zoom on the hoop stress concentration 
Considering the shape of the 6, distribution, and the small value of the tensile interface stresses, 
it becomes difficult to justify the development of the peeling crack by the bending of the steel 
plate, as suggested in analytical models developed by several researchers13'''39. On the other 
hand, the outcome of this analysis clearly pointed out the prominent role played by the bond 
mechanism of the inner reinforcement in the peeling failure. 
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The first cracks to open were two horizontal notches arising on each side of the bar and rapidly 
stopping in front of the first rib, Fig. 5-11. After these, diagonal radial cracks, at the location of 
the ribs, started to open significantly, Fig. 5-10. These cracks were the 2D version of the conical 
radial cracks described by Goto. These V-shaped cracks had their bases directed towards the 
nearest flexural crack and the angle they form with the reinforcement axis, 50 to 60 deg. in the 
simulation, was close to the angle observed by Goto. As in Tepfers' model, these cracks 
generated a comb-like structure aimed at resisting the pull-out action of the reinforcing bar. 
From 0.7 M, to 1.0 M, the conical cracks lengthened. The conical cracks at the third rib, in 
particular, grew quicker and opened wider than the others. 
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Fig. 5-10: Strain distribution of the smeared cracking 
The load level 1.0 M,, marked the start of new phenomena: a flexural crack began to form 160 
mm away from the plate end, and the initial horizontal notches, formed at the face of the first 
flexural crack, began suddenly to propagate up to the second rib, thus marking the onset of 
stable peeling. The final stage, from 1.0 M, to 1.2 Ms, was characterised by the two following 
features: 
- The third conical crack reached the steel plate at the 
location of the tensile y stress peak. 
- The conical cracks emerging 
from the 10`h and 11 0' ribs met the newly formed flexural 
crack. 
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Fig. 5-11: Zoom on the inner reinforcement level 
superimposition of the cracking strain and the cracking pattern 
An explanation to the crack patterns described above can be sought in the distribution of the 
principal stresses, Fig. 5-12. The transfer of the tensile force in the bar to the concrete and the 
plate was mainly achieved by direct 6, stresses, behind the first three ribs. Up to 0.5 M, a 
significant portion of the tensile forces was carried by the concrete. From 0.5 to 0.7 M, S, the 
softening of the concrete, located just behind the ribs, reduced the proportion of tensile forces 
carried by concrete. Beyond 0.7 M, the way in which tensile forces were transmitted from the 
bars to the surrounding concrete changed significantly with the appearance of the conical 
cracks. The tensile stresses were not transferred directly behind the first ribs, anymore, but, were 
rather spread in a plume-like shape on either side of the reinforcement layer. This different 
mechanism of transfer was achieved due to the comb-like structure created by the emergence of 
the conical cracks. The pull-out force was transmitted in compression through the teeth of the 
comb, acting like diagonal struts, then, slightly away from the bar-to-concrete interface, this 
diagonal compression was transformed into horizontal tension and tensile hoop stresses around 
the bar (represented here by ßy). 
The opening of the conical cracks around the first three ribs occurred with the shift of the 
uncracked type of transfer to the fifth and sixth ribs. This can be interpreted as a progression of 
the softening process. It can therefore be deduced that, in the case of the unplated beam, conical 
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cracking alone is effective enough to reduce dramatically the bond, thus decreasing significantly 
the transfer of tensile forces. However, this does not infer global failure, since the transfer is not 
needed for the global equilibrium of the beam. On the contrary, in the case of the plated beam, 
the transfer of tensile forces to the concrete is necessary to allow the plate to take up part of the 
global bending moment. As a matter of fact, at least the fixed portion of tensile forces, that has 
to be carried by the plate after transfer (determined by the characteristics of the plated cross- 
section), must transit through concrete. Consequently, while the magnitude of the tensile force 
increases, softening near the face of the first flexural crack implies that a longer and longer 
section of reinforcement is needed to achieve the amount of transfer required. 
It is now possible to understand why the analysis cannot converge beyond 1.2 M. The 
emergence of a new flexural crack 16 cm away from the plate end reduced the transfer length 
available (initially of 20 cm). In the same time, the cracking pattern shows that 16 cm at least 
were already required to transfer the tensile forces towards the plate. Consequently, the plated 
beam could not take any increase of load. The failure by exhaustion of the anchoring capacity 
was inevitable. 
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Fig. 5-12: Principal tensile stress - transfer of longitudinal tensile forces to the plate 
From the distribution of principal stresses, Fig. 5-12, it is possible to draw schematically the 
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stress path along the beam, Fig. 5-13. The diagram explains how the tensile stresses 
redistributed from the unplated section to the plated one. 
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Fig. 5-13: Schematic drawing of the principal stress flow in a plated beam 
At the section of the first flexural crack (unplated section), all the tensile stresses were assumed 
to be transmitted through the reinforcing bars. Beyond this section, part of the tensile forces 
were transferred to the surrounding (softened) concrete, as it would naturally happen, even in 
the case of the unplated beam. However, in the case of the plated beam, most of the tensile 
forces transferred to concrete must eventually end up in the steel plate. In the section of the 
second flexural crack, the redistribution of tensile forces was achieved according to the 
assumption of the plane cross-section remaining plane. 
The 0 stress concentration, Fig. 5-9, corresponds to Tepfers' splitting hoopstresses. In Tepfers' 
model, they take the form of tensile rings surrounding the reinforcing bars. In the 2D model 
adopted, such rings cannot be fully represented. Consequently, the splitting forces appear only 
in the ß,, distribution. It is important to bear in mind that, in practice, some tensile ßZ 
concentration must arise along with the ßY concentration, although the 2D model is unable to 
simulate them. But, considering the consistency of the simulation with the experimental results, 
it will be assumed that the inability of the model to simulate the actual 3D behaviour does not 
affect significantly the magnitude and the distribution of the ay stresses. 
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Conclusions 
Following these observations, a global explanation of the onset of the peeling crack can be put 
forward. The finite element simulation confirms that the critical stress concentration arises at the 
level of the inner reinforcement. The tensile 6, stresses predicted around the first ribs of the 
steel bar correspond to the splitting hoop stresses of Tepfers' model. Consequently, it can be 
concluded that the peeling crack developing horizontally at the level of the inner reinforcement 
is, qualitatively, identical to a splitting failure. The influence of the plate on the splitting failure 
needs to be investigated. 
As the load is increased, the transfer length becomes larger and larger, as the softened region 
progresses along the bar. The capacity of the bond mechanism to cope with the load increase is 
limited by the length available between the first flexural crack and the next flexural crack, 
formed further along the plate. If the softened bond mechanism is unable to take up any further 
load increase, because a flexural crack has arisen in its path, as occurred in the simulation, 
another mechanism has to overtake. At this point, the hoop stresses, induced by the conical 
internal cracks, exceed the concrete tensile strength. Consequently, a horizon crack develops 
and propagates at the reinforcement level up to the next flexural crack, resulting in a total loss of 
bond in the block of concrete between the two flexural cracks. Thus, the problem is shifted to 
the next concrete block, as if the plate had been curtailed at this new location. The same failure 
mechanism will once again take place, allowing for an increase in the load, only if the flexural 
cracks are located further apart than in the first case. Considering that, in tension tests, primary 
cracks (analogous to flexural cracks) arise with a random spacing comprised in the approximate 
range L.,, and 2 LýaX, as defined by (Eq. 3-8), it may be suggested that flexural cracks arising 
along the plated beam have the same type of spatial distribution. This would explain why: 
- For identical specimens, the serviceability load exhibits experimentally a great scatter 
between half of the ultimate bending moment, '12M, and M. 
- when enough tests have been carried out on 
identical specimens, Mu is approximately twice 
as large as the minimum, M,. 
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This does mean that, while the ultimate load would depend on LnaX, the onset of the peeling 
crack would depend on the length of the first concrete block, which could vary between L, and 
2 Lmx. 
5.3. Application of the Fracture Mechanics Model 
It appears from experimental observation that peeling is always caused by splitting of the 
concrete at the level of the inner reinforcement. As concluded in the previous section, this 
suggests that peeling is the same cracking mechanism as splitting in tension specimen and 
splitting in the flexural-shear failure of beams without stirrups. Consequently, the fracture 
mechanics model, which performed satisfactorily with these phenomena, can be applied to the 
peeling failure. The distinction made by Oehlers between peeling in pure bending and peeling in 
the flexural-shear mode is adopted in the following. 
5.3.1. Peeling in pure bending mode 
When peeling occurs in pure bending, the plate separates from the beam along with the concrete 
cover, thus releasing the inner reinforcement from its concrete encasement. This results in a 
dramatic decrease in the local flexural stiffness of the beam. If the energy balance of the system 
is considered, peeling occurs at a load for which exactly enough energy is released by the 
softening system to feed the fracture energy required by splitting. 
Similarly to the splitting failure of tension specimens, the advance of peeling does not change 
the topology of the problem. Therefore, the transformation occurs at constant load in a critical 
state of equilibrium. This means that (Eq. 2-16) can be used to determine the critical peeling 
load. An approach very similar to the one used in section 3.3.2. is adopted. 
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Consider an uncracked plated beam in the vicinity of the plate end, Fig. 5-14, the flexural 
stiffness of the beam is discontinuous at the plate end, changing from unplated cross-section to 
plated cross-section. Both stiffnesses however, are very high as no cracking is present and the 
inner reinforcement acts compositely with the surrounding concrete. 
The propagation of the splitting crack on a length & results in the steel to be released for a 
length & in the direction of the plate, resulting locally in a significant decrease in the flexural 
stiffness consisting only of the steel bar and the concrete compression area, Fig. 5-15. 
Therefore, a hinge is formed locally with rotation at constant load, with the incremental angle of 
rotation, (59, proportional to the crack extent, Vie. 
M 
Fig. 5-14: Plated beam before peeling 
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Fig. 5-15: Plated beam after splitting 
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During this transformation, the variation, of the strain energy is due to the decrease in the 
flexural stiffness: 
_ U. p U-1 I ei 
- 
el 
2 (EI )Sp _1 (EI),, 
(Eq. 5-3) 
(Eq. 5-4) 
The work of external bending moment on the incremental angle of rotation results from the 
local softening of the structure: 
bwext =M" 159 (Eq. 5-5) 
=M2 
1-1 
.& (EI ). 
sP 
(EI )1n; (Eq. 5-6) 
It can be verified that SWex, =2 bUei. 
The consumption of the fracture energy is proportional to the splitting crack extent: 
ÖG=r-& (Eq. 5-7) 
Using the fundamental equation of fracture mechanics at splitting propagation, the energy 
balance writes: 
SW 
1- VU ,l- o5G =0 (Eq. 5-8) 
which yields the following expression for the critical load level: 
.. Mcr = (Eq. S-9) 
FSp(EI) r 
(EI ); 
n, , 
It can be noticed that (Eq. 5-9) is very similar to (Eq. 3-42) except that the direct stiffness (EA) 
is replaced by the flexural stiffness (EI). 
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5.3.2. Peeling in the flexural shear mode 
In the flexural-shear mode, the peeling failure is very similar to the flexural-shear failure of 
reinforced concrete beams without stirrups. After a diagonal crack has formed in the cross- 
section of the plate end, splitting occurs, propagating towards the plate, thus releasing the inner 
reinforcement. The release of the steel bar allows the diagonal crack to further open and extend 
resulting in rotation, 60, about the tip of the diagonal crack, Fig. 5-16. 
A splitting crack of extent & results in an incremental rotation, 59, proportional to &. Peeling 
occurs at a load such that just enough energy is released by the system during the transformation 
to feed the splitting crack extension. This mechanism is identical to the flexural-shear failure 
mode of beams without stirrups, except that the location of the critical diagonal crack is 
predefined by the plate end. 
V 
advance of splitting 
r 
M, (5e 
Fig. 5-16: Failure mechanism of the plated beam failing in flexural shear mode 
If the same notation as in section 4.3.3. is adopted, and the distance between the support and the 
plate end is dri, then the critical shear force for a plated beam without stirrups can be deduced 
from (Eq. 4-35): 
H 
V' - 
VT93 
+2Y 
d+ 
(Eq. 5-10) 
ß 
p, 
H ß 
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A similar approach can be adopted to determine the critical shear force of plated beams with 
stirrups. An additional vertical force representing the action of the stirrups, F,., is added in the 
equilibrium equations, Fig. 5-17. The discrete distribution of stirrups is smeared over the length 
of the beam, thus considering an area of stirrups of Ajs per unit length, where A, is the area of 
one stirrup and s is the stirrup spacing. The stirrups are assumed to behave linear elastically. 
The opening of the diagonal crack is assumed to be linear, therefore the point of application of 
the stirrup forces is at two-third of the crack length from the crack tip. In the following the angle 
of the diagonal crack is assumed to be 45 deg. 
\ 
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Fig. 5-17. " Free body diagram and notation definition 
The smeared axial stiffness of the stirrups is determined assuming that the unbonded length of 
the stirrups is known, equal to 6,: 
A, Es 
`' s& 
(Eq. 5-11) 
Consequently, the forces acting on the free-body diagram can be formulated in function of 61 
F. =fk, _ 
2t O- dt = 
E. 
` 
A`, 
Y-0 9 (Eq. 5-12) 
o S5, 
F= 
45S 
Aus = S. 
ý YO (Eq. 5-13) 
S 
v-ov=9E'A, ya (Eq. 5-14) 
`, S 26 o5, 
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The equilibrium of the free-body diagram is satisfied in the horizontal direction, the vertical 
direction and about the tip of the diagonal crack: 
Is = F. (Eq. 5-15) 
V. +Vd+FV=V (Eq. 5-16) 
v (da, + y) = Vd y+F-d+ Fý _23y (Eq. 5-17) 
Substituting (Eq. 5-12) to (Eq. 5-14) in (Eq. 5-17) results in the equation: 
V (d 
r! + y) _9+Y+2 
Av S. 
s 
ßh Es As #2 H 20 
26 ß3A, o5, s Sr 
(Eq. 5-18) 
If the expression for 0 is deduced from (Eq. 5-18) and differentiated about b, the following 
equation is obtained: 
059 = 05 
ý. 
ý 
y (d 
n, + y) _ ASE, 9y 2A,, J, zH2 
26 8 3Asc5, s 
v(d,, + y) 
AE 
9 
`S 26 
+Y 2H2 
ß 
2 A,, 6 j3H 
9 Y A, b, s 
L 26 ß 
(Eq. 5-19) 
The fundamental principal of fracture mechanics can now be applied to satisfy the energy 
balance of the transformation. Similarly to (Eq. 4-32) and (Eq. 4-33) of section 4.3.3: 
Mexr 26G 
(dr, + y),,, , &9 = 2F " Se 
(Eq. 5-20) 
(Eq. 5-21) 
Substituting (Eq. 5-19) in (Eq. 5-21) and assuming that 
S` 
_` initially, where, and <Pv are 
(5 (D 
the diameter of the main reinforcement and the diameter of the stirrups respectively, it is 
possible to determine an expression for the critical shear force for a plated beam with stirrups: 
2 
V 
_2 =1+2A, 
" 
ý,. ßH ßH 9+2YIE, 
r (Eq. 5-22) 
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V, 
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A, ET I' 
sdp, +, 8H (Eq. 5-23) 
with Vcr;,, T, AS and Es in S. I. or alternatively Vor;, in kN, Fin kN. m/m, A, in mm2 and E, in GPa. 
It is possible to make a certain number of assumptions without losing much of the generality of 
the formula: 
d= y. H=0.9H 
y=ßH=0.8H 
(Eq. 5-23) then becomes: 
Vcr =1.372 -1+0.363 
A, (D, HHA. 
s 
Ec T' (Eq. 5-24) As (D, s dp, +0.8H 
with all variables in S. I. 
The further assumption of dagg = 20 mm can be made and the CEB-FIP formula for the 
assessment of the fracture energy, (Eq. 2-40), can be used: 
Vor = 9.515 1+0.363 
A,, -` HH 1c0.35 AS Er b+a 
A" 
(Eq. 5-25 A I, s dP, +0.8HJ rý % 
with Vc, i, inkN, ffinMPa, A, inm2, E, inGPaandbinmm, 
and where (b + ceA, Jrs) is the assessment of the fractured area per unit length extension of the 
peeling crack. 
Once more the difficulty resides in the assessment of T, which has been reduced here to the 
determination of the factor a. It is believed that a, as a measure of the level of damaged caused 
by conical cracking, is influence by several parameters. Considering the mechanics of the 
conical crack formation, as observed in the finite element simulation of section 3.3., it is 
believed that the two major parameters influencing a are the concrete cover and the tensile 
strain of the steel bar, inasmuch as the first parameter controls the distance to which the conical 
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crack can radiate from the bar, and the second parameter controls the crack mouth opening of 
the conical cracks. In the following the concrete cover will be ignored as it is usually large 
enough to allow full development of the conical crack, and the factor a will be made entirely 
dependent on the tensile strain of the steel bar, through a linear relation. 
5.4. Benchmarking against Experimental Data 
The validity of the formulae derived analytically must be tested against experimental data to 
confirm the assumed modes of failure. Many experimental programs on plated beams have been 
carried out over the last twenty years. Both steel plates and FRP plates have been tested, 
revealing that the modes of failure for the two types of plates are identical. Consequently, 
experimental data of plated- beams failing in the peeling mode have been gathered, including 
both steel and FRP plates, plates ending either in the pure bending zone or in the shear span, 
beams with or without stirrups, and ribbed or plain reinforcing bars. Analytical and 
experimental results have been compared and statistical analyses carried out. 
5.4.1. Peeling in pure bending 
Considering the assumed modes of failure, peeling in pure bending appears a simpler failure 
mechanism than flexural-shear peeling. This mode of failure is therefore considered first and 
(Eq. 5-9) is compared with experimental data. 
Oehlers (1990)14; reported the results of a set of experiments where 32 plated beams had been 
tested in pure bending. All were plated with steel plates. The different parameters were varied 
within the following limits: 
- depth of the beam, 
150 mm <H< 240 mm 
- breadth of the beam, 
120 mm <b< 125 mm 
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- reinforcement cover, 10 mm <c< 50 mm 
- reinforcement diameter, 12 mm < dh < 20 mm 
- plate thickness, 2 mm <t< 15 mm 
- breadth of the plate, 25 mm < bb < 125 mm 
- concrete tensile strength, 2.7 MPa <f < 4.9 MPa 
- concrete modulus of elasticity, 20 GPa < Ec < 32 GPa 
All the beams failed in the peeling mode, displaying cracking patterns similar to those of Fig. 
5-4. Two critical load levels were recorded. Firstly, the bending moment, MS, at which the 
splitting crack became visible and started to propagate in a stable way, termed the serviceability 
load by Oehlers. Secondly, the bending moment M, at which the beam failed. M1, is generally 
approximately twice as large as M. As it was shown in the analytical approach that peeling in 
pure bending is a critically stable phenomenon, and as it was proposed in the phenomenological 
approach that the first cracking load was dependent on the spacing between the two first flexural 
cracks, it is considered that the load predicted by the analytical approach is the serviceability 
load, M. 
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Fig. 5-18: Results scatter around prediction - experimental data from D. J. Oehlers (1991) 
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Consequently, the analytical prediction is compared with the serviceability load, Fig. 5-18. As 
the experimental observations indicate that the propagation of splitting is stable, the fracture 
energy required by the shifting of the conical crack has to be considered. Assessing this fracture 
energy is difficult. Therefore the assessed part of the fracture energy due to the conical cracks is 
factored with a tuning parameter, a. If a is taken equal to zero, the experimental results are 
higher than the predicted valued by an average of 65 %. Thus, a was chosen equal to 0.5 so that 
the average of the ratio of the experimental result over the predicted value approached 1. This 
choice may appear to lack objectivity. However, a low standard deviation of the discrepancy of 
the predicted values over the 32 results would still be significant enough to confirm the validity 
of the model. A more satisfying way however of assessing a is developed in the next section. 
The predictions are expressed as a percentage of the experimental value for each beam and 
plotted in Fig. 5-19. All experimental values are within ±30% of the prediction except for tests 
number 3 and 25, i. e. Oehler's beams 3/1 and 13/17. The mean value is equal to 98%, that is 
very close to 100%. The accuracy of this result is essentially due to the tuning factor a. Most 
importantly, the standard deviation is relatively small at ßexp, num = 20 %, which is considered 
satisfactory. 
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Fig. 5-19: Ultimate bending moment - experimental data from D. J. Oehlers (1990) 
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Considering that any inaccuracy in the measurement of the geometric and material properties 
will produce some scatter and noting that the estimation of the fracture energy is made on the 
basis of many assumptions (validity of the empirical formula from the CEB-FIP, dagg=20 mm, 
approximate assessment of the fracture area), such a standard deviation was to be expected. 
An estimate of the inherent scatter of the peeling failure in pure bending can be obtained 
considering the experimental results of eight identical beams. Beams 5/lL to 5/4R and beams 
6/1L to 6/4R have the same geometric properties and nearly identical material properties (less 
than 20% of variation). Using the distribution of Khi squared, their standard deviation is 
assessed to be comprised within 10% and 20% with a level of confidence of 90%. This proves 
that the standard deviation obtained for the distribution of the experimental results around the 
prediction is acceptable and can be mainly explained by the uncertainty inherent in the peeling 
failure and not by the inaccuracy of the analytical model. 
In conclusion, the overall agreement between the experimental data and the predictions is 
remarkable. In comparison, Oehler's semi-empirical model, with its two tuning parameters, still 
displayed a standard deviation of 28% on the set of experimental data that it had been calibrated 
on. 
5.4.2. Peeling in flexural-shear failure 
Now that the fracture mechanics model and the assumed mode of failure have been validated for 
the peeling failure in pure bending, the more complex model for flexural-shear peeling can be 
benchmarked against experimental data. Many experimental programs have been carried out on 
plated beams with the plate ending in the shear span. Since the models for the flexural types of 
failures by plate rupture or concrete crushing are known to perform well, this study focuses on 
the failure in the peeling mode only. Thus, only the beams that were reported to fail by peeling 
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have been selected. Depending on the bending moment-to-shear ratio in the cross-section of the 
plate end, peeling is either due to flexural peeling, (Eq. 5-9) or flexural-shear peeling, (Eq. 5- 
23). Therefore, both shear capacities have been calculated for each beam and the lower value 
has been selected for the prediction. 
The experimental data were extracted from the following papers: 
- Oehlers (1992)'44,23 beams (including 4 in flexural-shear and 19 in flexural peeling), 
- Oehlers et al. (1998)147,7 beams (including 6 in flexural-shear and I in flexural peeling), 
- Jones et al. (1982)148,3 beams (including 2 in flexural-shear and I in flexural peeling), 
- Jones et al. (1988)'37,3 beams (all in flexural-shear peeling), 
- Swamy et at. (1995)149,5 beams (all in flexural-shear peeling), 
- Swamy et al. (1987)146,13 beams (all in flexural-shear peeling), 
- Ritchie et al. (1991)145,9 beams (including 2 in flexural-shear and 7 in flexural peeling), 
- Quantrill et al. (1996)'50,151,7 beams (all in flexural-shear peeling), 
- Basunbul et al. (1990)152,3 beams (all in flexural peeling), 
- Ziraba et al. (1994) 153,10 beams (including I in flexural-shear and 9 in flexural peeling), 
- Hussain et al. (1995)154,2 beams (all in flexural peeling), 
- Spadea, Bencardino and Swamy (1998) 155,1 beam in flexural-shear peeling, 
- Arduini et al. (1997)130 ,2 
beams (all in flexural peeling), 
That is a total of 88 beams of which 44 failed in flexural-shear peeling and 44 failed in flexural 
peeling. 
The main difficulty in the fracture mechanics models is the assessment of the fracture energy 
required per unit length of splitting crack extent. In the first models developed the problem was 
solved by introducing a tuning parameter a, calibrated on experimental data. This is not 
satisfying however as acan vary between 0 and 2, resulting in variations in the predicted failure 
load of up to 100%. Consequently, a more rational method is proposed for the assessment of the 
fracture energy. It has already been mentioned that a depends on the strain in the steel bar and 
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to some extent to the concrete cover. Assuming that the concrete cover is always large enough 
to allow full development of the conical cracks, a first approximation of a can be obtained by 
assuming a linear relationship with the steel strain ES. To verify this assumption, (Eq. 5-9) and 
(Eq. 5-23) are inverted to determine from the experimental results the value of a. For each 
beam, the steel strain at failure is then computed. 
For the flexural type of peeling failure, e is calculated using cross-sectional analysis at the plate 
end: 
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For the flexural-shear type of peeling, the force in the steel at the location of the diagonal crack 
is assessed using the free body diagram, Fig. 5-17: 
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a is then plotted against the steel strain at failure, Fig. 5-20. 
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(Eq. 5-27) 
" Oehlers - 92 - steel pI - fl 
  Zaraba - 94 - steel pI - fl 
+ Hussain - 95 - steel pl - fl 
- Basunbul - 90 - steel pl - fl 
" Ritchie - 91 - steel pi - fl 
Oehlers - 92 - steel pl - sh 
o Zaraba -- steel pl - sh 
o Swamy - 87 - steel pI - sh 
o Jones - 98 - steel pl - sh 
x Oehlers - 98 - steel pl - sh +1 fI 
- Jones - 82 - steel pl - sh +1 fI 
x Swamy - 95 - steel pl - sh 
" Arduani - 97 - CFRP - fl 
" Spadea - 98 - CFRP - sh 
  Ritchie - 91 - CFRP - sh 
Ritchie - 91 - GFRP - fl +1 sh 
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Fig. 5-20: Variation of alpha with the steel strain according to the experimental data 
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The results lie approximately on a straight line, except for the results from Quantrill et al. 
(1996)'50 and four other results, which lie on the axis of zero a. This is explained by the fact 
that Quantrill used plain bar, which do not induce conical cracking, and that the four other 
results, which all failed in the flexural-shear mode, must have failed dynamically, in an unstable 
manner. For the other results, a linear regression analysis can be used to assess the origin and 
the slope of the corresponding line. Such an analysis yields: 
a= O for ES <5x 10-4 (Eq. 5-28) 
a= -1.035 + 2.07 x 103 ES for E>5x 10-4 (Eq. 5-29) 
(Eq. 5-28) and (Eq. 5-29) can be used as an evolution law for a, reflecting the opening of the 
conical cracks with the steel strain. An iterative procedure is then needed to assess the failure 
load and a at failure. 
The expression for a obtained with the plates ending in the shear span is assumed to be a 
general law for splitting propagation. Its validity is checked against the experimental results of 
peeling in pure bending. The a are worked out by inverting (Eq. 5-9) and using the 
experimental results of Oehlers (1990) 143 The corresponding steel strains are calculated using 
(Eq. 5-26). The results are plotted in Fig. 5-21. 
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Fig. 5-21: Variation of alpha with the steel strain - comparison with bending mode 
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It can be seen that these results are in good agreement with the linear regression, although the 
scatter is larger than for the flexural-shear peeling. Consequently, it is assessed that (Eq. 5-28) 
and (Eq. 5-29) can be reliably used along with (Eq. 5-9) and (Eq. 5-23) to calculate the predicted 
failure load. However, if the iterative procedure diverges and predicts very large values of a, 
then a is limited to 1.6. 
The full procedure to determine the predicted failure load is detailed in the following: 
- Calculate the minimal flexural peeling capacity, V, ', using (Eq. 5-9) and a= 0. 
- Calculate the corresponding Er. 
- If e, is larger than 5x 10-4, use the iterative procedure with (Eq. 5-29) and (Eq. 5-9) to assess 
the new flexural peeling capacity, V;, limiting a to 1.6. 
- Calculate the shear load at the onset of flexural cracking, Vý r, using cross-sectional analysis 
at the plate end. 
- Select the higher of V; and Vf; as the flexural peeling load, Vtl. 
- Calculate the minimal flexural-shear peeling capacity, Vsh , using (Eq. 5-23) and a= 0. 
- Calculate the corresponding fir. 
- If e, is larger than 5x 10-4, use the iterative procedure with (Eq. 5-29) and (Eq. 5-23) to assess 
the new flexural-shear peeling capacity, VT,, limiting ato 1.6. 
- Select the lower of Vf7 and V, h as the peeling capacity, Vc,. 
This procedure has been applied on the 88 experimental results and plotted in the following 
graphs, Fig. 5-22 to Fig. 5-29. 
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Fig. 5-22: Comparison of the predicted results with the experimental data - Oehlers (1992) 
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Fig. 5-23: Comparison of the predicted results with experimental data - Oehlers (1998) 
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Fig. 5-24: Comparison of the predicted results with experimental data 
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Fig. 5-26: Comparison of the predicted results with experimental data - Ritchie (1991) 
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Fig. 5-28: Comparison of the predicted results with experimental data 
Basunbul, and Ziraba et al. (1990-1995) 
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These graphs show that, in 90 % of the cases, the prediction is very close to the experimental 
results, within ±20 % of the experimental load. This is very satisfactory especially considering 
the difficulty, which occurs in assessing the fracture energy per unit length of splitting crack 
extension. For the results of Quantrill (1996), a was intentionally set to zero since no conical 
cracking can arise with plain reinforcing bars. The agreement 
between the experimental results 
and the predictions tends to confirm that the additional 
fracture energy corresponding to a is 
definitely linked with conical cracking. It is important to note that no significant 
difference can 
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be observed between steel plates and FRP plates. The prediction is equally accurate in both 
cases. 
A better picture of the accuracy of the predictions can be gained by plotting the experimental 
data as a percentage of the prediction, Fig. 5-30. If a distinction is made between peeling in the 
flexural mode, Vfl, peeling at the onset of flexural cracking, V); ' , and peeling in the flexural- 
shear mode, V,. h , it can be seen that the most accurate results are those failing in the flexural- 
shear peeling mode. The beams failing in the flexural mode are slightly less accurate, and the 
beams failing at the onset of flexural cracking display a greater scatter. This can be due to the 
fact that the onset of flexural cracking is not accurately predicted, or that shear cracking, playing 
an identical role as flexural cracking, appears earlier and triggers failure. 
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Fig. 5-30: Results scatter around prediction - all beams 
The mean value of the 88 results, µexp/num' is 102 %, which is very close to the expected 100%. 
The standard deviation, 6exp/num, is 24 %. The relatively high value of the standard 
deviation is 
essentially due to the discrepancy of the predictions at the onset of 
flexural cracking. 
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If only the beams failing in the flexural-shear mode are considered, Fig. 5-31, far less scatter is 
observed. This may be due to the fact that generally the values of a in these cases are lower than 
the one in the flexural cases, as the steel is less strained close to the support. The uncertainty in 
the value of a is then likely to be less. 
For these 44 results, the mean value, µexp/num, is 94.5 %, which is very close as well to the 
expected 100%. The standard deviation, 6exp/numý is 14.5 %, which is approximately half that 
calculated for the 88 beams. It should be stressed that this result is very satisfactory. 
2 
1.8 
1.6 
1.4 
1.2 
0. ö 
0.6 
0.4 
0.2 
0 
test number 
Fig. 5-31: Results scatter around prediction - beams failing in flexural-shear mode 
To check that the standard deviation obtained is in the range of what should be expected 
considering the uncertainty inherent to this type of failure, the experimental scatter is estimated 
from 9 identical beams from Swamy and Jones (1987). Using the distribution of Khi squared, 
the experimental standard deviation is assessed to be comprised between 6% and 24 %with a 
level of confidence of 90%. As the standard deviation between the experimental results and the 
predictions lies in the centre of this range, it can be concluded that the observed scatter is 
essentially due to the uncertainty inherent in the flexural-shear peeling mode of failure and not 
to the inaccuracy of the predictive method. 
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In conclusion, the proposed procedure to assess the peeling load of plated beams appears to be 
reliable. If this approach was to be adopted for design, the following safe simplifications could 
be made: 
-a could be taken, conservatively, as zero, 
- the delaying of peeling up to the onset of flexural cracking should be ignored, 
- obviously the appropriate safety factors should be adopted. 
The prediction would then become the lower of the two values given by the factored (Eq. 5-9) 
and (Eq. 5-23) with a set to zero. 
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6. SUMMARY, DISCUSSION AND OUTLOOK 
6.1. Summary 
While it is desirable that reinforced concrete structures should be designed so that fracture 
phenomena do not play a decisive role, it is unavoidable for some designs to consider failures 
triggered by the fracture of concrete. It is especially the case when steel-to-concrete bond plays 
a crucial role in the load carrying mechanism of a structure. 
Much research has been carried out in the last decade on the fracture mechanics of plain 
concrete without reaching any conclusive results directly applicable to reinforced concrete. This 
is because concrete acts compositely with its reinforcement and the fracture mechanics of the 
two materials cannot be considered separately. 
A phenomenological approach to bond in reinforced concrete has shown that tensile softening 
can be achieved through conical cracking or transverse cracking, but that complete loss of bond 
is generally due to the propagation of a horizontal crack called the splitting crack. Empirical 
bond models described in the literature were shown to predict satisfactorily the softening 
behaviour of tension specimens and the onset of splitting, but it was concluded that no model 
was available to predict the onset of unstable splitting propagation, i. e. the ultimate bond. While 
Tepfers' models are able to predict the onset of splitting by considering the fracture mechanics 
of concrete alone, they are unable to predict the ultimate bond. Consequently, a new fracture 
mechanics approach has been developed based on the energy balance of the reinforcing bar and 
the surrounding concrete, Table 6-1. 
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Table 6-1: Summary of formulae proposed in the thesis 
Application field Formula Assumptions 
Bond failure 2r 
by splitting in a cr =11 
reinforced - - 
concrete tie 
E' AS ESAs + EcAC 
o. 35 b F, = 3.724. f dynamic splitting 1 c 
r 
l 
dagx = 20 mm AEA EA E 
s , 
A 
b+a 
F, =3.724 " f, 0- 35 
rT quasi-static splitting 
1 dagx = 20 mm 
E A +E A E A s s c c s , 
Flexural-shear 
f 
y 8H C 
+2A E I V = shear crack at 
45 deg. 
a failure o ,. ý c, a 
T3 
reinforced y= ßH 
concrete beam _ d = 
without stirrups 
V, =4.517 
H 35 AS Eb dynamic splitting 
ac dagg = 20 mm 
23 d 
- 
ß=0.8 
P 
with ac = 3.3a, 
as 
2 (i-fr 
0.9 y= 
=150.1.183 
3d 
100 pX611-1 Pr3fo. 35. bd V 
, a, 
quasi-static splitting 
A 
V 
., =4.517 
H. 
fco. 35 ASE, b+ar` daxg = 20 mm 
a, ý3 = 0.8 
y= 0.9 
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Table 6-1: Summary of formulae proposed in the thesis - continued 
Peeling failure 217 
of a externally M cr =11 - plated beam in 
pure bending (EI )Sp (EI )1n1 
mode 
b M=3.724 ° 35 f, 0- 
`11 dynamic splitting 
(EI) (EI), , 
dß, 99 = 20 mm Sp ,, 
b+a 
A" 
quasi-static splitting 
r Mc, =3.724 f°35 
s 
11 logg = 20 mm 
(EI) (EI) j, , 
Peeling failure 
of an externally 
plated beam in YßH AT V=9+2 
Cr 
shear crack at 45 deg. 
flexural-shear 13 ß dP, + ß" H =ßH y 
mode d= ytI 
without stirrups 
Peeling failure 
shear crack at 45 deg. 
of an externally 
plated beam in =1+2A, 
(D, 8H ßH Vx y =, 8H 
flexural-shear 9+y AS ,, sdP, + 
ßH 
3 d = ytI mode 26 ß 
with stirrups x9+2Y AEI' (5. 
13 ý3 S 
dynamic splitting 
A HH 
U35 f` 
, V, =9.515 "1+0.363 daýK = 20 mm A, ý,, s d+0.8H 
/3=0.8 
x VASE5b y= 0.9 
quasi-static splitting 
f o. 35 
V=9.515 "1+0.363 
A`HH. d,, Rx = 20 mm " A_c (D,, sdP, + 0.8H 8 =0.8 
Y=0.9 
xAE b+a s r 
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This fracture mechanics model has been validated against experimental data for tension 
specimens failing by splitting propagation. It was concluded that the model could therefore be 
applied generally to predict modes of failure in reinforced concrete structures where bond plays 
a critical role. A phenomenological study of the flexural-shear failure of beams without stirrups 
revealed that the failure is actually triggered by the release of the longitudinal reinforcement due 
to the unstable propagation of a splitting crack. Application of the fracture mechanics model, 
together with a mechanical model and an empirical rule proposed by Kim and White (1991) for 
the position of the critical flexural-shear crack, resulted in the formulation of an analytical 
expression for the ultimate shear force, Table 6-1. If a number of the usual assumptions are 
made, the simplified formula appeared to be very similar to the ultimate shear force predicted by 
the empirical formula given in the CEB-FIP Model Code (1990)5 . 
The excellent agreement 
between the two predictions tended to confirm that the assumed mode of failure, i. e splitting, 
and the fracture mechanics approach are valid. The analytical formula proposed is estimated to 
be more satisfactory than the empirical formula as a better understanding of the failure 
mechanism is gained and ways of improving the design of such beams can be considered. 
The failure modes of beams strengthened by plate gluing was then investigated. Three types of 
failure modes were identified: 
- failure in the flexural mode with concrete crushing or plate rupture, which can 
be reliably 
predicted by cross-section analysis, 
- bond failure at the interface between the plate and the concrete, which can 
be avoided by 
proper surface preparation and quality of workmanship during the gluing process, 
- and peeling failures due to the propagation of a 
horizontal crack at the level of the inner 
reinforcement, resulting in the separation of the plate from the beam. 
A phenomenological study showed that the peeling failures were similar in their nature to the 
splitting propagation. Consequently, it was concluded that the fracture mechanics model 
for 
splitting could be applied to this 
failure mechanism. Two models were developed. The first 
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model predict the peeling load of a plated beam subjected to pure bending. The second model, 
similar to the model for flexural-shear failure of unplated beams, predicts the peeling load of a 
plated beam with the plate ending in the shear span. The only parameter, which needs to be 
determined experimentally, included in these models was the proportion of fracture energy, c, 
required by conical cracking per unit length of the advance of the splitting crack. This 
proportion was assumed to be proportional to the steel strain and an empirical linear law was 
deduced from experimental results. Application of the models with the empirical law for a 
resulted in a very good agreement with over a hundred experimental results. It was concluded 
that the failure mechanisms assumed were correct and that the fracture mechanics model for 
splitting was applicable to these types of failure. Analytical formulae have been formulated and 
validated, Table 6-1. Some design guidelines for the peeling failure of plated beams have been 
formulated. 
6.2. Discussion 
The strength of the proposed models stems from the fact that very few assumptions have been 
made to develop them. This point is confirmed by the very good agreement between the 
analytical formula for flexural-shear failure of beams without stirrups and the corresponding 
empirical formula from the CEB-FIP model code. When assumptions have been made, it has 
been ensured that they were in agreement with the behaviour observed experimentally. 
The only critical assumptions are the ones made for the assessment of the fracture energy per 
unit length of splitting crack advance. The choice of dagg = 20 mm is in agreement with common 
practice, but if a special mix of concrete were to be used, a different value for dang should be 
chosen. The choice between dynamical and quasi-static failure is also difficult. While it depends 
mainly on the load control and the nature of the failure (stable, critically stable or unstable), the 
experimental results do not seem to be always consistent. Assuming dynamical failure is 
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always safe. It is however more realistic to assume quasi-static failure when the failure mode is 
stable and most of the time when the failure mode is critically stable. The more problematic 
choice is the assessment of the proportion of fracture energy due to the conical cracks, a. 
Choosing a=0 is always a safe choice, but the failure load can thus be dramatically 
underestimated by up to 75%. The linear relation determined experimentally between a and the 
steel strain may be used to obtain a more realistic assessment of a. However, considering the 
experimental scatter around this linear law, it is possible that the load is overestimated in some 
cases, especially if the iterative procedure used to compute it is unstable. It is therefore 
concluded that more experimental investigation is required on this subject. A better 
understanding of the mechanism of formation of the conical cracks could maybe even lead to 
the formulation of an analytical relation for a. 
The range of validity of the models presented is larger than the empirical design rules, when 
such rules exist. That is to say that proposed formulae are valid for structures of exceptional size 
and as well as for exceptional concrete mixes, as long as the fracture mechanics properties of 
the material considered are known. On the contrary, the empirical formulae are only designed 
for the customary range of structures and materials. No guarantee is provided on the 
applicability of the empirical formulae to exceptional structures. 
The use of the proposed formulae should however be limited to structures of a size large enough 
for the linear fracture mechanics theory to be valid. Although the splitting crack propagation has 
a limited fracture process zone compared to other types of cracking in reinforced concrete, the 
linear fracture mechanics model may overestimate the failure load of structures with sizes below 
the range of common practice. A way to improve the formulae would be to apply a size effect 
correction procedure as proposed by Bazant and Planas (1998)'. 
The range of application of the model for the flexural-shear 
failure of unplated beams is 
restricted to beams without stirrups. 
This is due to the fact that when stirrups are present they 
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tend to arrest the progression of the splitting crack. Although, in this case, the ultimate failure 
mechanism is very similar to flexural-shear triggered by splitting, the rotation is not allowed by 
the release of the reinforcement, but rather by the yielding of the steel. The plasticity model 
presented in section 4.3.2. is then applicable. For under-reinforced beams without stirrups it is 
possible that steel yielding is more critical than splitting. In such a case, the two models should 
be used and the lower load chosen as the failure load. 
The formulae obtained for the plated beams are only valid if the flexural type of failure and the 
bond failure at the interface do not occur. A complete design method should include first a 
check on the flexural failure and then a check on the peeling failure. Interface bond failure 
should be avoided by ensuring that the surfaces are properly prepared and that the quality of 
workmanship is suitable during the gluing process. The accuracy of the prediction then depends 
mainly on the accuracy of the knowledge of the structure to be strengthened (topology and 
material properties), and the accuracy of the assessment of the fracture energy. 
6.3. Outlook 
The attractiveness of the plate bonding technique for improving structural performance together 
with its cost-effectiveness will increase its demand in the forthcoming years. And, although the 
technique has already existed for thirty years, new developments still take place. Therefore, a 
reliable design method is necessary to ensure effective and safe design. It is believed that the 
models proposed in this thesis could easily lead to design formulae useful 
for engineering 
practice. 
To this aim, appropriate safety factors needs to be determined and 
introduced in the equations. 
Safe assumptions, like a=0, could equally be enforced. 
It is also recommended that the 
original form of the equations should 
be kept so that a transparent design method is provided to 
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the structural engineer who is generally not familiar with the additional failure mechanisms, i. e. 
peeling failures, introduced by plate bonding. 
It is recommended that in future work an extensive experimental investigation of the fracture 
energy required by conical cracking is conducted, as this problem is not only linked to flexural- 
shear failure and peeling failure but is a general problem in reinforced concrete research. The 
empirical law proposed for the evolution of a with the steel strain should be further validated or 
improved. The issue of structural stability should also be studied further, as it was shown that 
dynamical or quasi-static failures lead to very different failure loads. 
This study has proved that splitting is a critical problem in reinforced concrete. Its role has often 
been neglected in the past and few research studies have been devoted to splitting. It is believed 
that the failure mechanisms of other structures could also be explained by the proposed fracture 
mechanics model. Possible application of the model to the brittle failure of anchor pull-out and 
to the break-out failure of bore-holes should be considered. 
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